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- This paper deals wrth the ‘application of a new equwalence techmque T
. in linear graph theory to the reduction processin a power system, treated »
" " as a linear graph with oriented elements. The formulation of equations in -
" the nodal Jorm, selection of suitable subgraphs or zones and computation -
of data for mdwtdual zones without ever combining them into submatrices
", - Jor the whole system enables the reduction of the power system into its final .
_ " daisy equivalent. An xIIustralwe example is worked out for a lyp:cal power
" “system with eight generatmg slahons and thirty six elements. .

: Notations
1~ ° 7 A = incidence matrix,
N - Ama = partitioned submatrix of the A-matrix,
'A ' == transposition of the partxhoned submatnx-A..,. ' - -
Yp= D-graph admittance matrix, : ' _ -
Y= =. E-graph admittance matrix, . ' '
Yga = E-graph admittance matrix for the final generator dmsy.
" Ys = admxttance matrix of S-graph elements,
-Ig = current matnx of E-graph elements. -
I = current matnx of S-graph, -
W '—_:Vg = node voltagee of E-graph
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vy = number of J-vertices, IR

u = unit matrix, and ~ - T L B -“

U= Usvertex. . - = -2 . S

L. Introduction S o . B

The single-phase representation _of a power system can-be correlated with -

- an oriented linear graph-where all buses become vertices and lines, transformers, loads,

generators, etc., become elements of the graph. The theory developed in the paper! -

can then be applied to the power system to obtain its driving point and transfer

admittance matrix which can be used for load flow and stability studies of the system.

These admittances are obtained by a reduction process applied to the graph of the
power system as described below. .. . : '

2. Reduction process ~ : o : :
Subgraphs called ‘zones’ are selected from the graph of the power system such
that (i) all elements of a set which are cotipled amongst themselves are in the same zone,
and (ii) zones are joined at buses_and not through elements. - The vertices common
between zones are designated as U-vertices. The ground vertex will also be a U-vertex
and will be comon to all the zones. "The elements incident to the ground bus are
‘oriented towards it. The N and E graphs are chosen as Lagrangian trees with ground
as star point. The well known nodal voltage rhethod of formulating the equations is
adopted. The incidence matrix A, is obtained by omitting the ground vertex and this
incidence matrix is a special form of seg-matrix.2 ' The columns and rows in A are so
arranged that the loads and/or generators are in the same sequential order as the vertices
to which they are incident resulting in unit sub-matrices corresponding to these loads

andfor generators. This simplifies. the “formulae needed for computation. The

~ D-graph and E-graph according.to the ‘new equii_ralencc_: technique’. -
The reduced: graph of each zone is desigrjat;ﬂ asa ‘daisy’: The reduced graphs-

~ individual zones are then separately treated in terms of the _cpfr&sponding J-vertices,

of all the zones will then'be treated as a whole in terms of the corresponding J-vertices, -

" D-graph and E-graph and the final reduced graph will be desighated as the ‘all-zone
generator daigy’, -~ T e s Tn T L S L
3. Zone reduction S - _

In a zone, the elements represented by loads and generators are the variables while
- the other system elements are essentially fixed. “The first step in the reduction of a
zone is to eliminate all fixed elements retaining all vertices and obtain an all-vertex
E-graph. For that the D-graph of the zone is selected such that it contains only fixed
elements. It is also necessary that at least one of the elements of the D-graph is a
grounded element, say, a shunt eapacitor. Any vertex which does not have either a
load or a generator incident to it (and also not a U-vertex) can be considered as a vertex
.connected to a zero adiittance load or phantom lead. For vp = vy, the corresponding
equation for any zone will be ' ' o

- Ig, 0 AnYpAwl Ve . S )
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' wrth A replacmg S From equahon (1), the admittance matrix of the a“-vertex E--
graph is given by . -
YE..‘ = Ay Yp;: Ay’ -
where _ i : j Tt
. _[N.D - . Pn
Co 5:':*-._._ . A=]'—I[ : ] S tance n
Tae TeaT : u Ap . araph
For each zone, Aj, is such that : T - i ﬂm@sfoj
o (r) The Tows correspond to all but the ground vertex, and describ
Now, __Yp,. is_ the admzttance matnx for the transnuééibrr 5 -
- where t
. K The next step in the process of reduchon Is to. femove load and’ phantom load - “
-~ Yertices. . ‘This elimination may be done 1 in one or more steps by repeated appllcatron A ¢
of the relevant equatron for vp > v) given below : o are e is.a dic
o = - atrix |
L CYe= Yo F A Yo ATy 0) m
) Slmpllﬁcatron is possxble by means of partitioning of YD, A and A,, Let
R 'Yu.i— Yn.i 201 — '3.:.- o
A (e T TR e @ where :
) - g . .. 0 0 - Yo R . element
' ' e o * .element
where Y[_,; is'a dlagonal admittance matrix ‘with entries correspondmg o the ]oads -
_ - 1ncrdent to the vertrces to be eliminated. L Th
- - Y,,,; is hnvmg rows correspondmg to elements of the precedmg E-grnph whlch
T are mcxdent to the vertices to be eliminated. A
) F
Yn,, has rows correspondmg to all D-graph e]ements admittar
graph w
. veferred
‘._ Red
. 1 The
of all the
" . The
ertices to be retamed [Au] [u - graph of
- Verhces to be ellmmated A,, ) - will ther
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L »--—Substxtutmg eqtutzons (4) and (5) in equation (3)

Yei = [Yud + Yad Usvd . - - SN -
=AYl o+ [Vl [= (Y + Yol [Yau] I ()
[Yu.l] = [Viad IYm + Yl [Ym] R

This formula does not mvolve the mudence matrix. -t S

Programmmg‘the computatxon of the equation mvolves only parhtlomng an admlt- <
tance matrix and operating with the ‘submatrices of the partitioned matrix. -The SE-\-_ :

graph takes the form shown in Fig. 2 and.is further reduced by-one more all vertex

* transformation’ elnmnatmg the loads incident to U-veruces and parallel to generators as
deocn'bed be]ow . .

_Yu_,» Yiss o-o_’f
C Yau— Y 00
0 0 Yy O
e 000 0 0 Y
~ where the leading 2X2 matrix is the admxttance matrix for Fig. 2 partmoned into :

() Elements incident to generator-vertices (Yu A and o _
(li) Elements incident to_U-vertices (Y,,.,) ST

.YDJ =

A (TR a diagonal matrix of load admittances parallel to the generators and Yeui
1. n dlagonal matnx of load admxttances prallel to the U-elements The incidence

Eu Lec- Ly

where vg are the generator vemces, vy are the U-vertices; Eg, Ey aré the -E-graph :
_elements at generator vertices and. U-vertices respectively; and Lc, Ly are the load

. - = elements parallel to the generator and- U—elements respechvely

“Then from equahons (2) (7) and (8) S R N -

T

) Ym + Yo K
A perusal of equatxon ) shows that it can be obtained by addmg the proper load o
admittance to the diagonal of Yg; computed for the SE-graph of Fig. 2. The reduced -

- graph will be as shown in Fig. 3. It will contain only the G and U vertices and will be
referred to as the GU-graph. ' :

4 Reduction of zones -

The power system graph will have the form as shown in Flg 4 when the reductlon ‘
of all the zones is comp]eted

The U-vertlces which form the couplmg between zones are eliminated next. A

graph of the form shown in Fig. 5, designated as ‘all-zone generator daisy eqmva]ent
wx]l then be obtamed . :
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. The gencral formula for the ehmmatlon of U-vemces from the all-zoné graph
. ,vof F'g 4 is given by equation (3). The D-graph is all the non-generator elements mn
‘the G-U graph and the J-vertices are the generator vertices of the whole system. - The

as:
Non-U-elements ' U-elements
zone | zone2 zoneN  zone! zone2  zoneN
1° Y“f' , o Yisa
;be.. e :5;31.]_:_.17_ _____
R e A | Yo -
g - o Yn" - ; E l . ;~ . : __ ;
S 0 Yaa A0 o Ve
- -Yu'-vn] | o - O ey
- ) 10
Ya Ya . o - {9
;'The mcxdence matrix will be . .
' Non-U-elements "7 " U-elements” _
zonel zone2 zoneN zonel zone 2 zone N
.- — | T
" “Generator | u 0 |
vertices : |
. ] u ' 0
An | | an
A” 0 u .| C
‘r - ) - - ‘ Do - -
_ U-vertices 0 . | - - Asy
“ _ : | ’ o

lf the set of columns under U-elements is ordered properly with respect to zones, '

thex_l o - TN
o [A.,., Aneevoocdan oo i Amdd L (12)
Fromequnuon(ll). e - S L
R - Al; = 0] o _-‘ a3 -
- Lo =04 NN
: The dlﬂerent terms of equatxon (3) can be exprused after subshtuhng the appro-'_:i__ -

- pnate submatncu from equations (10) and (11) as follows oonT
e - An Yo An =Yn . o (15)

admittance matrix of the all-zone G-U graph may be arranged in the partitioned form

Usin
Subs
~ where
Subs;
where
and
Simil
Subst
equation {

Yec =
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f-" j:'..-', o C Jsv =— [An YD An ] - [A,, Yp Ay’ ] : e .
R Y Y R R A ae - -
- AuYp Ay =[Vy Au ] B - S (—l?) e

‘Using equations ( l5) (|6) and (17) in equation (3), we get -
Yee = Ay Yo An + [A1 Yp A’ Vev”

=Yu—Yude [ YA 1 A Y - - ¢ (18) _

Substm;tmg for Yn and A,, from equatlons (|0) and (12) and almpllfymg.
7 Y dwa’ T _:'Ml— .

Y_n.e Ay’ » M, »
Yedo'=| 0700 (=l 0 a9

YViei - A.sa.n‘" M;

----------

| Vi Ae’ | M.

where . N . . E
M; =Y12.i Ag’ ’ ’ (20)
Substituting for Asy, Yy, and A4’ from equations (10) and (12) and simplifying, 7
~Yuy —_
Y Yao N[ Gm
A” Yu An' = [A.a_] .o A”_n] e
| | [ - _— B . ,,ya.n —_ A.;‘."' -
. =B - B ' B
where _ ‘ . .
Co ’ . L f=n - : . - ot
- O. , ) . B-- E B, -_'_- .'.-~ o (2') .
’ - - - - ; i-' N ’ o . T
and . IR
- B = Am‘ya'e..' An.-" : S - (22)
Similarly, -

Ass V=Y Ay’ ]
=[M"M...... M!...... M, (23)

Substituting for Y;, from equation (10) and equatlons (19), 21) and (23) in
equation (18),

" Y M,
Yu.z s M,

YEG= 2 . - . [B]-l lM)'M" ...... Mn']
L vl Lad
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—M,.B-lMl, "'MnB_le' .o , Yuﬁ—MnB-lM'_
An analysis of the last equation shows that the computation-of - Y£¢ can be effected

for the whole system though equatiori (24) actually calculates Ygg. Thus, the amount
- of computer storage requlred can be reduced appreclably : -

5, ‘Example Dem T . L
' An example is. woxked ouMo nllustrate the apphcatxon of the reducnon techmque

" in whlch Tines are designated by numbers -and “buses by lower-case letters. . The ~.

Appendxx) CLT R LpE el , .

.-~ Resistances of lmu are neglected No loads “are eons:dered Long lmee are
represented by p: equivalent with capacitors as shunt branches. . :

_ " Figs. 7(), (u) and (1) show the three zones into which- the power system of
- Fig.6is sub-dmded The results of reduchon at the zonal level are given for zone
" 1 only,

. and3arex,landm '

below. Co.
For zone 1,

123

45 6 7 8 9101 12 - *

a7 10 00 0000 0 0 0 o

Bl —1—1—1 00 0000 00

el 0000 0.0 1 100 0

al 00000001100

g 000 007070 07011 0

il 0.0 0-1 000200 000"
ce| 000701 1 0 G000 1)
A T I PR A B e

A2 0 0 1 1 10000 om0

Y‘"_MIB-"Ml 3 :'.""MlB'lMa See —MxB'lM';"'i';,_E .

‘»'ﬁal= —MBMy VY- MBIMY L —MBMS (2:)

- with data computed for individual zones without ever combining them into submatnces )

= dnscussed s0_far to a power system ‘containing eight generatmg stahons “and thirty six
. elements. _-Fig. 6 shows the single line diagrain’of the power ‘system under consideration -

~ Teactances of all elements in per umt ona base of 100 MVA are given in Table l (vxde

The vertices common to zones | and 2 are g and { and those common to zones Z _

The incidence submatnx A,,. of the transmlsslon system of each zone are given. ~ -

i

TR
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.. For zone 2,

/ae _' q,

(Gii)
Zone 3
Fig. 7

Disgam showing the sub-divided zones of Fig. §
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B 2 9 M 3132333435 %
b 0~1—1 0 0 0 0 0 0 1010007
2l =1 0000 0—F 0 11 000010

il 1 0.0 000000000000

Aymaa=1| 01 0 0 000 0-0°000000 |z

“in equation (2), the E admittance rr_latrix.oﬁ the all-vertex equivalent of each zone 1s,

0 ":"Q_j;_._-‘l.-j—l 01007001 R

- o ;Sﬁﬁsﬁ‘tu—t_i“xig"éqﬁ;tiéniZﬁ(a), ib) and(c) andthe conesbondfng Yp from Table 1,- h

obtained. The all-vertex equlvalent graphs of the zones are shown in Figs. 8(), (i)

Cand (@), o T '
. The E-admittance matrix of the “daisy’ or all-vertex equivalent of zone 1 is given
in Table 2 (in a ‘daisy’, an element-will be referred to by the vertex other than the

common vertex to which it is incident and only non-zero elements of the matrix are

given in the table). .

generator vertices. - For zone 1; such vertices are ¢, f and h, and for zone 3 they are
g and 0. For zone 2, there are no such-vertices. _— :
. The submatrix Y of equation (4) is a zero matrix.

The submatrices’ Yari Yiesr Yasu for each zone can be obtained from the
corresponding all vertex E-admittance matrix. Using these submatrices, the E-admit-

tance matrix of the G-U graph of zones | and 3 are calculated. The G-U graph for:. .
zone 2 is the same as its all-vertex graph.” In Figs. 9(), (ii) and (iii) the G-U graphs -~ .~
of the zones are shown. For zone 1, the E-admittance matrix of G-U graph-is given
The all-zone G-U - -~

5

.- in Table'3 (only non-zero elements':g_f the “matrix " are- given).
“greph s shown in-Fig. 10, -7 ST T e Y

i noc sy the dirsination of Usverties from the allzone G-U grsph. The
- Uselements mthpartmomng as ‘shown in equation (12) - ~.

incidence matrix-Ags, of al the

.. isgiven by eqiation (26). -

The next step isfthe-é_linﬁria'tion of vertices which are neither U-vertices nor--
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. Zone . Zone2 ~ Zone3
Axsy Ay Ans
g i | g i I m | i ! m
g1 ol 0 0 0lo o om
ito o 0 0l 0 0 |
A= ' @6)
1 {00 { o o0 1 0 } o 1 0 :
!
Lo oo o o 110 o0

The submatrices Y1,;, Yies, Yao; of equat}on (10) can be obtained for each
" zone from the E-admittance matrix of the corresponding G-U graph. Using these
submatrices and the submatrices of ‘equation (26), the M-matrix of each zone and the . -

- -B™ matrix can be calculated. Finally, the various submatrices such as' Yy, ;7 —M; B*- -~
M, and — M, B? M’ of the generator daxsy admxttance matnx are calcu]ated “The.. -

system generator daisy is shown in Fig. 11. S
- The _system generator daisy admittance matrix of the power system shown in Flg 6
is then given by Table 4 (only non-zero elements of the matnx are given).

6. Conclusions

In a symmetrical power system it 18 always posslble to choosé subgraphs or zones '

such that all coupled elements remain within a zone. Then independent reduction
of individual zones is feasible. Again in a zone, S and D graphs can be so chosen that
there is no coupling between them. This reduces considerably the computer storage

and computation work and therefore computer txme for obtaining the E-admlttance‘

matrix of each zone. .

The presence of earth in a power system enables the choice of a Lagrangian tree
for the E-graph resulting in unit submatrices with + | entries in the incidence matrices

of the zones. - In the reduction of the all-vertex equivalent of Fig. 1 to Fig. 2, the prggence
of the unit matrices in the incidence matrix enables one to work with submatrices of .

the E-admittance matnix of the all-vertex equivalent itself without the necessity of
forming new incidence matrices, thus simplifying the mathematical computations.

" In the reduction stage from Fig. 2 to Fig. 3, loads which are'parallel elements in

Fig. 2 are being eliminated. and it was found that the E-admittance matrix of Fig. 3

can be obtained by simple addition of the relevant submatrices of the E-graph of Fig. 2 )

without the necessity of going throqgh the reduction procedure.
An analysis of the equation (24) for the E-admittance matrix of the all generator

daisy of Fig. 5 shows that the computation of the individual entries in the matrix can be

effected with the data computed for the individual zonés. It is, therefore, not necessary

to combine the data from the individual zones to give submatrices and then go through

the reduction process to obtain the final E-admittance matrix from the all G-U graph.
Hence the computer storage required for the reduction of a power system will be only

that necessary for the reduction of a zone. A power systém, however large it may be, -

can always be zonéd such that the reduction of thm zones.is thhm the capac:ty of

the avmlab]e computer. - o E
_ -~ <
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Appendu "
© Table 1 g
Pe_r unit reactance of elements
“ ..Ele‘.ment number ';E :crta‘:::‘: _Elerhént number | Reactance in“per upit
1 0.010 m —7.68
2 ools | 2 —25.00
3 o0 . | 2 —2000
4 oz | =z 035
5 0.029 B . 0244
6 0,092 ou 0.442
7 0080 2 0386
3 002 | 2 0456
<9 o | & 0680
0 T | 0 (TR
n- P IR B T R
T2 —6660 . |- . 30 0208'
3 . 0.09 -3 0056
14 0.176 SRR, —20.000
15 0.220 33 —20.000
16 0.092 34 —20.000
17 0024 35 — 7500
18 —25.000 % 20000
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E-adnuttance matrix of all-vertex equlvalent for zone l ook

Table 2

[

Aty

Row *

Column

" Reactance in per unit

~

) '"9 e |

. \0 0 D, . '® 0 N N NN Uy U b AN W W

PN - =

-
T

T

_sou,oxNoo\I\n,wncopsssoaxoov-.&m-hwgoo-zs,_\}i_'iogofw—,w—4

bl 050505050

7014285714
= -—0.57954545

- 70.12500000

 —0,10000000

0.10000000
0.10000000
—0.12710622
-0.12820513

-+ 0.45454545

0.45454545

- 0.50505051
.0.50505051

T 078594939

0.28089888
—0,75757576
0.75757576
—0.45202174
0.10869565
034482759
-0.12820513

~0:12500000

-0.28089888

0.10869565
~0.38999066
#0.14285714

- 0.75757576
034482759
T 056214022

E +4-03*
E+03
E+03
E+03

E 02 )
E +.oz...
E402— = e
E+02: -
E+02
‘E+02
E+02
E+01 :
E+01
E+ 0t

E+01

E4+01

E+0l
E+02

E+02
E+4+02
E 402
E402
‘E+01 . -
‘E4+02
‘E+02°"
E402 -
E+0 .,
__E+02 ,
ZE+02 >‘ 

K i

_—owoocboo13+03 i —otooooooox 10 = -ilooooooo

ram—-
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..E;—-admittance matrix of G-U graph for zone_l o '

Table 3

~

547

, -“{'_mRe'a'cta.ncein perunit

U

. RV SRR VO N~ N S N ) R T VR P P - . " S

" o000

0.10000000
0.10000000
—0.11202121

" 061538772

-+ 0.13828937
046525300
0.61538771

~ —0.53370613

. 045454545
0.10300973

E+B

E+03
"E+403

E+03

E+0l

E+01

E+01
E+o0l
E+02
E + 02
E+0l

077021611 -

045454545

~ =050505050
0.50505051

0.|3828938

0.10300973
050505051
—0.76280114

E+02 -
E+02
E+ 0'1' T
EFOL T
TET

E + 0l
E + 01

0.17308227

0.46525300
0.77021614
0.17308227

- —0.55274277

E + 0l

E+01
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-  Table d
" System generator daisy admittance matrix

Row

Column

Reactance in per ynit

xymaﬂc«'uumwwumaa_.&.&&.:-'.:-wmw‘\{rm\.»iw!‘i;i,'Nlei'&iNNNN——

PV BEWNONAVNBEWVNOENCENEWNONOWEWN =N —

-~

i
S W N e

—40.10000000
- 0.10000000
* 0.10000000
—0.11150521
0.62991006

037697712 °
0.79405820

+ 0.36967688

E + 03
E+03
E+03

E+03

E+01

0.27450750 .

0.25349272 -
062991005
—0.53306978

045704142

0.52574853
0.68851726
0.85122276
0.47212612
037697713
045704142

" —0.49325009

0.24856182

048241346
0.25013008

0.33079780
0.79405820
0.52574853
0.24856182

—0.35991940

0.10161475
0.24167767
0.14634906
0.36967688
0.68861726

048241346
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sl o Table 4(Contd) - 7
e Row Column  Resctance inperunit i -
— 6 5 ‘0.10161475 E +01 -
‘ 6 6 —097424790 E401
6 7 0.18450414 . E + 01
6 8 021890872 'E + 01
7 2 027450750 - -
7 3 085122276 -E+40i.. =~ -
7 4 025013008
7 5 024167767 E+01
7 6. o 018450414 TE 401
7 7 —093220210 E + 01
7 8 046007102 _E +-01-
8 2 - 025349272 -
8 3 047212612 - E+0i
-8 4 033079780 E+ 01
8 5 0.14634906 E+01
8- 6 0.21890872 E+01" --
8 7 046007103 E+01 - .
'8 8 . —0837683% ‘E+01° ..

A




