SENSITIVITY INVARIANTS FOR ACTIVE _
LUMPED/DISTRIBUTED NETWORKS - - .
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The mvanant nature of the sum of the sensitivities of hetwork
functions of a s\geueral linear active Ju [distributed
network is establi Results of Holt and Fidler on summed
sensitivities are extended to networks containing tapcred
lines, v.c.t.s and ¢.v.Ls simultancously.

In this letter, we establish the invariant nature of the sum of
the sensitivities of the network functions of a general agctive
lumped/distributed network, We also extend the results of
Holt and Fidler on summed sensitivity invariants. We
consider a network N, consisting of lumped capacitprs
(C, = 1/D), inductors (L= 1/I),. resistors (R, = Gy,
gyrators, controlled sources, negative- :mpedanoe convertors
and RC and LC tapered lines. Let N* denote the adjomt of'
X. Then we have
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where V.($,} and V,(4,) are, respectively, the voltags across
(currents through) interior e¢lements {or ports of interior
elements) and external ports for N and NA, If Z;; is ifth
element of the impedance matrix Z of N, from the results of
Reference 1, it can be shown that
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where ¢.(I.) and w.(V.) are the column vectors of currents
through and voltages across the element port{s) in NA(N),
respectively, and are evaluated with the ith (jth) port of
NA(N) excited with unit current,-all other ports being open-
circuited,

If p, is identified with the value of a resistor, an inductor,
inverse capacitance or transter resistance of a c.v.t, (r, = 1fg)),
it is seen that .
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For a v, Z, does not exist but ¥, does. It is therefore
easily seen that
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where d, = 1/ is the transfer conductance of the v.c.t. Hence,
from eqn. 3,
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For the gyrator, Zi = Z;3 =0, Z;3 =« and Z3, = a3,
and it can be shown, using eqn. 2, that
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For an RC tapered line with resistance R, = Ro;f{x) and
capacitance C; = Cos £(x), it is known that?
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where each element of the 2 x 2 matrix F is a function of the
product
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It can be easily shown that
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It can also be shown that
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where Zrer = v/(RoifCor) is the cha.racterls(ic unpeda.nce of a
tapered RC line.

Similarly, for an LC tapered lme with inductance
L= Ly f(x),
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-where Zie; = 4/ (LoifCos) is the characteristic impedance of

a lossless tapered line.
- It can -be shown.that, for v.v.ts, cets, vanics and
c n.ic.s,
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If pi is a member of the set
{ou} = {Ry, Ly, Del2a, #13), (Rou Daid, Ziey, 1o 4}

where the subset (Roi, Dos) and Zyc, may be replaced by
Zge: and (Lgy, Doi), respectively, then for Ny, using eqo. 1,
we obtain

P azl.l
Fzg 2y ép

i.e. the sum of sensitivities of Z,, is a constant independent of
Z,;. Simtlarly, it can be shown that
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where T is a voltage or current transfer function, and U and
§ are unit and scattering matrices, respectively, Eqn. 17 is
obtained using the procedure followed in Reference 3. -If
normalising resistors {p;} are also included in {p,} to obtain

-the set P’ = {p,'}, it can be shown that the sum of the sensi-

tivities of any scattering parameter or the group delay over
the set P’ is zero,

Since it is more usual to calculate sepsitivity with respcct\tb\r

C; rather than D;, Holt and Fidier* have defined summed
sensitivity for a class of active lumped networks. We now
extend these results to networks containing v.c.t.s and c.v.t.s
as well as tapered RC and LC lines. Consider a network N,
consisting of lumped resistors, capacitors, gyrators, RC
tapered lines, controlled sources and ni.cs. Let the set

= {gd = (g1} VY {gua), {qua} = {RBy, (s, ®i2), Rog, 7y, i} and
{2} = {Cy, Co). Then the summed sensitivity of Z,; over the
set {g.} is defined as
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It should be noted that the sensitivity sum considered in
eqn. 14 js
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If g, is identified with a lumped capacitor C,,
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For an RC tapered line, using egn. 8,
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where the dot denotes differentiation wlth respect to
SRoi Cor. Thus, from eqas. 20 and 21, .
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where the sum E ( 1) consists of all terms due to lumped

capacitors (capacltanoes of RC tapered lines).
If a complex frequency variable s is treated as a paramcter
it follows from the results of Reference 1 that
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The contribution to the right-hand side of eqn. 23 due to all
resistors, gyrators, c.v.t.s and v.c.t.s is zero. The contribution
from lumped capacitors is
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while, for RC lines, from eqn. &,
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Thus, from eqgns. 22, 23, 24 and 25, we obtain
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Thus, from eqns. 14, 19 and 26,
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Hence the summed sensitivity of Z;; over {g} is an invariant

and is independent of the realisation of Z;,.
Similarly, it can be shown that
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Next, consider a network N, consisting of lumped capacitors,
inductors, lossless tapered lines, v.v.ts, c.c.t.s and ni.cs.
Let the set M = {m;} be {Lh C[. (Lm’, Cq:)}. Then the
summed sensitivity of a network function over the set M is
given by
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where F can be an impedance paramefer, an admittance
parameter or a voltage or current transfer function.

The basis-free normalised scattering matrix 5 for a linear
time-invariant petwork with & resistive reference is given by?®

S=U=-2p2Z+p~'p* . . . . . . . (3D

For network N,, the summed sensitivity of § over the set
{g:} could be obtained by using eqns. 14 and 31 as
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If the set {p,} of normalising resistors is also included,
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It could be shown, using eqns. 17, 32 and 33, that
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where
A = (g} VY eV {pd = {ad v {pd

* Thus the iununcd sensitivity of the scatiering matrix over the

set 0’ = {q,"} is independent of the realisation, -
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