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K-SETS OF A GRAPH AND YULLNERABILITY OF COMMUNICATION NETS
by

P. Kerivarathorajon * and K. Thulasiraman **

The concept of the X-vulnerability of communication nets is introduced and
a procedure to design k-invulnerable communication nets is given. In the course
of this study several important properties of the k-sets of a graph are discussed.
Also the problem of generating the k-sets is elucldated. I[llustrative examples
are worked out,

{Continued from the Matrix and Tansor Quarterly, December 1974,)

Lemma 1: Each tip vertex or the vertex adjacent to it will be present in every L-set
of 2 graph G .
Prooj: Consider any tip vertex v, and let the veriex adjacent to p; be denoted by ;.
We prove the lemma by contradiction.

Let there be an L-set which contains neither v, nor v;. Considerthe set
{L Uwp;}. Since v, is not present in L, v; is not adjacent to any vertex in L. Hence
the set {L U v,-} constitutes an independent set of vertices. This contradicts the
fuct that L is a maximal set of independent vertices. Hence the lemma. d

Theorem 3: (a) For every tip vertex v, of a graph G . there exists an L___-set con-
laining v,.

{b) For a graph G5, with |V | > 2, there exists an L, -set containing all the
tip vertices.

Proof : (@) Consider an L, -set, L’, which does not contain a tip vertex v;. Lety;
be adjacent to ;. It follows from Lemma 1 that v; € L’. We next show, by construc-
tion, the existence of an L, ,-Set containing v,.

Consider the set § = {(L' -v;)U v,}. § constitutes a set of independent ver-
lices, since v, is adjacent to only v, and v; € 8. Further ls I = '_lL’ | Hence S is
un L_, -set and it contains v,. )

(b) By repeating successively the procedure followed in (a) for all the tip ver-
tices not present in L', one can construct an L -set containing 2il the tip vertices
ol Gp.

GENERATION OF K_,_-SETS FOR A GRAPH G,

We present in this section an algorithm for the generation of a K -set of &
fraph G ..,

We first rename the graph G, as G, and then obtain the graph G4, from G, re-
Cursively as follows.

Let v, be a tip vertex of graph G,. with v;, adjacent to v,,. Let V,, denote
the set of all the tip vertices of G, adjacent to v,,. We obtain the graph G,,, from G,
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by first stripping v,, and then removing all the isolated vertices which result as a
consequence.
The process of generation of G;"s wiil terminate after n steps when G ,, is a
null graph.
We now observe the following.
(a) The vertices of V;, are independent.
(b) If L, is an L-set for G, such that V;, € L; then (L;-V;,)is an L-set
for Gi+ 1
ey {L;U V. 1yo) is an L-set for G, ,:
(d) G, is a star-tree; and
(e) V,,isthe L,  -set for G .

Lemma 2: (@) If L; ., is an L, -set for G, such that V,, € L .., then the set
(L; max = Via) iS @0 L, -Set for Gy .

(0 If Lesoty,max is any L,,,-Set 101 Gy then {Ls 1y qax U Vio} isanl -
set of G;.

Proof: Let L nax b€ an L, -Set or G, such that Viq € L; nax- L€t Lijey) max D€
" any L pax-Set of G4q. Further let

‘Li.max I = Ii.ma:

Since (L max = Yio) 15 80 L-set of Gy, we have

bimax = Wia 1€ Tgnnymen )

Also since {L¢;y 1y, max U Vo) I8 a0 L-set for G; we have

bese 1) ,max ¥ ‘Via I < U max (2)

From (1) and {2) we get

Ii.mx - I(n'irl).l-mm: - l Via I
This completes the proof of the lemma.

Theorem 4: The set {vyy, .+ - . . Vpp) iS 8 Kgia-set f0F G 1.

Proof: Consider the set { U v.,}. As we have noted earlier V,, is an L st 1!

G,- If then follows from Lemme 2Ab)that {V,, U Vi, 1ye) 15 80 L, mSet 101 G-
Proceeding in this way we get that { y vi,} is an L pax-S€t for G, "which by defint:
tion is the same as G,

Hence {V - U Vil = {D1ps 00y} IS @ Kppyomsettor G

Based on theorem 4, an algorithm to generate a K,,-set of G 5 may be st2
follows.

ted st



4TS THE MATRIX AND TENSOGR QUARTERLY 79

Adgorithm L
Step 1: Let Gy = Gp
Step 2: Sa = ¢, where ¢ is the null set. Let i = 0

step 3: Replace i by i+ 1. Identify atip vertex v,, of G;. Let v, bethe ver-
tex adjacent to v,
(i) Set §; = {S. U}
(ii) Find G;,, from G, by first stripping the vertex v, andthen re-
moving all the isolated vertices which result as a consequence.

Step 4: If G,y is a null graph go to Step 5; otherwise return to Step 3.
Step 57 Kuin = S¢

t rample 2: We illustrate the algorithm by defermining a K . -set for the graph G, = G,

whown in Fig. 3{(a).

Choosing v, as v, We get v, = v,. The graph that results after stripping v,
tx shown in Fig. 3(b). After removing the isolated vertices from the graph shown in
I 1. 3(h), G, isobtained as shown in Fig. 3(¢). Choosing successively vy, = v,, V3, =
L. Dy = Ue and vy, = 1y, We get the graphs G,, G, and G, as shown in Figs. 3(d),
) and {f) respectively.

We also see that vy, = Vs, D3, = Uiz, Ugp = Vs and vy, = v,. Thus the set

{vlb,UQb,Usb,v‘b,Usb} = {U:, v;.I_Ju.Us,D.}

s a K -set for G .
[t may be easily verified, following theprocedure descrlbed above, that
"P. Uy, Duy, Us, Uy} iSAlso a K -Setfor Go..

BESIGN OF MINIMUM EDGE V-VERTEX GRAPHS HAVING A SPECIFIED K,

We give, in this section a new proof of an algorithm given for the construction
of minimum edge p-vertex graphs having a prescribed ;.. We also obtain a lower

baund on the number of edges of a v-vertex graph having a k,;, = k.

Theorem 5: Let G be a v-vertex graph with I, = 1. Let Gbeinlparts G, i = 1,
., L. Let v, denote the set of vertices in G;. If G' isany (v + 1)»vertex graph

such that 1., =1 and G C G', then G' will haveat least (|E | + mm{ lv, I} edges.

Further there exists a graph G’ with I,,, = [ and g} = £+ rnm{ v, |}

Proof: Let v, denote the only vertex not present in G, but present in G'. We will

tenste by R, the subsetof vertices of V; adjacent to v_. Since for G, !‘ =l itis

necessary that for some j and k, all the vertices of (V, - R,‘) should be ad]acent to all

the vertices of (V, - RJ.). Hence G' will have ( 18 f + 1t} edges where

=
1

1
= dvel-lry hedvy |- IR, 1+ 2 R,

1
v - lr - ndy =Ry l-n -1+ vl Iyl 3 g

ik



80 THE MATRIX AND TENSOR QUARTERLY MARCH

Vi3

V4

Yo

\"}

fe)
va
v7

Fig. 3(a): Graph G,

7 v

2 V3 V4
o o
VS Vg
/\ / -
V6 V—; 8
Fig. 3(b)

M\//VB
v
3 v,
4 4
Vo
k¢! Yio

12
5
Fig. 3(c): Graph G,

/\
V6 V7

vii Vi3
V3 °u4
Y12
Vo
ve Yio

Fig. 3(d): Graph G,

Vo

va vio

Fig. 3(e): Graph G.

Fig. 3(f): Graph G



e THE MATRIX AND TENSOR QUARTERLY 81

Assuming, without loss of generality, that V, > V,, we note that n will be minimum
when

R sl § K F

1]
L=
.
1
p—

T

Ri = | ».]

7 7

‘The minimum value z, will be equal to iVJ. |
Hence ]E'!) lEl+:rzm
> e+ |y |
> 1|+ Mn(ly,

Further the graph G' = (V/, E) with v = {V U v_} and E' = {EU (»_, V)}
wheee | Vi l = Mjin{ | v; |} is a (v + 1)-vertex graph with P L

We now give the algorithm ’ to construct a v-vertex minimum edge graph having
uspecified k= & = v - L.
Algorithm 2

Step 1: i = 0. Let G°°= (E° V°) be an i-vertex graph with I, = 1. (G® will

contain only isolated vertices.) Designate the vertices of G° by
] Viss o mvgibigi
Step 2: Conmstruct G*'' = (E¥'%, ') from G’ = (EY, V¥) as follows

P w8 and
EY! = EYU ((Veer, UDY o 1¥E | M Lyt )

where V)-" denotes the set of vertices in the jth part of G*.

Step 3: 1ti+1 equals k go to step 4; otherwise replace 7 by i + 1 and return to
step 2.

Step 4: G* is the required v-vertex minimum edge graph with & _; = k.

Fhevrem 6; G* is a v-vertex minimum edge graph with &, = k.

Proof: It tollows from Step 2 of Algorithm 2 that if G' is in { parts with each part
“omplete then G**! will also have the same property. In view of the choice of G°,
"heh G constructed as in the algorithm, will be in I parts with each part complete.
Futther for all G%, 1, = !.

In view of theorem 5, the ([ +i + 1)-vertex graph G**' will have minimum number
“ledges if G* has minimum number of edges. Since G° is an [-vertex graph with mini-
“Nm number of edges G* is an (I + 1) vertex graph with minimum number of edges. It
then follows by induction that G¥ is a v-vertex minimum edge graph with k., = k.
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We next proceed io calculate the number of edges in a minimum edge v-veriex
graph with k. = k. Let

v = 1Ir + q 0gqg<li (3)

where v, [, r and g are integers.

Then in G¥, (I - q) of the complete parts will have r vertices and the remaining
q parts will have (r + 1) vertices. Since G* is a y-vertex minimum edge graph with
k = k, it follows that the minimum number of edges reguired for constructing any

u-“:;rtex graph having k_;, = k& is given by
emm- - Do« T
. (v—m(;;*q—i) (4)
If g = 0, then
B Uﬁizzs—” - 2(;)]-(1:) (5)

A minimum edge connected y-verstex graph having a k,;, = k can be obtained by
adding to G* the edges (v,, v), i = 2,...,1.

Example 3: I is required to get a minimum edge 14-vertex graph having a k. = 1l
We first obtain [ = 4. ¢ and r can beobtained using (3)as ¢ = 2 and r = 3. The e
quired 14-vertex graph G° will have 4 complete pasts, two of which have 4 vertices
each and the remaining two have 3 vertices each. This graph is shown in Fig. 4.

Vi3 vio Vig iy - Yi2

v Vs Vo Vg V3 vy Vg Vg

Fig. 4
v v 1
It may be seen that when k£, = k < [ﬁ] Il =v-k ?U—[é =\ 2.2
it
Hence r = 1 and ¢ = k. Then in the minimum edge v-vertex graph G*, k ‘{J! :

k complete parts will have 2 vertices each and the remaining (I -k) parts will hi¥e

only cne vertex each. The graph obtained by adding to G* theedges (v., t',). !
..., t,will be in the form of a tree, '
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¢rumple 41 Let v = 19, kg, = k = 7. Hence k< [%]: 9. The minimum edge
19-vertex graph o7 is shown in Fig. 5(a). We make this graph connected by adding

wlpe (L, 030 &= 2,..., 12 The new graph which is a tree is shown in Fig. 5(b).

g s By o——-—vo = a o 0 o o o o O——D0
Y is V2 14 Y3 Yis V4 Yis V5 iz % Vig V7 Vie
o [ ] [+] 1] a
Vg Yo Yo Vil vi2
Fig. 3(a)

vig vy Yig

va vo Yio Vil viz2

Fig. 5(b}

k- VULNERABILITY AND DESIGN OF OPTIMALLY ¢-INVULNERABLE
COMMUNICATION NETS

_ [n this section we, first, establish an upper bound for &, for a p-vertex, e-edge
praph. We then define k-vulnerability index of communication nets and give a proce-
tdure based on algorithm 2 of the last section to design v-vertex e-edge optimally k-
Invulnerabie nets.

Theorem 7: For a v-vertex, e-edge graph

2ev
kl’l’lin < [28 + U]

Proof: Let t = [258:)0] and y = v - . We then get

2ev
2e + v

£ =v-y

The above inequality reduces to the following

pr-py - 2ey » O {6}
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Vle prove the theorem by contradiction.
For a v-vertex, e-edge graph, let k. ;. = k =z +s, s > 0and [, =1!-=
v-I-8§=y-5. Using the lower bound for e given in (4) we find that

(v-Qv+tq-y +5)

e 7
- 2y - ) 0
where v = [Ir + g as in equation {3);
Inequality (7) reduces to the following:
v*-py - 28y + 2es +s(v-qQ)+q(y-q) £ 0 (8)

Since y > q and » > ¢ and by {6),

p*-py -2y 2> 0
- i 2w i*
It can be seen from (8) that the assumption k_; = I,Z‘-’ == + 8, § 2 0leadstoa
contradiction, and therefore

2ev |° *
kmin < [28 + 0]

- 2ev
at kmin < [28 + u:l

Hence the theorem.

Definition 3 . k-vulnerability index k,,

The k-vulnerability index k, of a graph is defined as equal to the k_,_ of the
graph.

Definition 4: Optimally k-invulnerable graph

A v-vertex, e-edge graph G is said to be optimally k-invulnerable if it has the
maximum possible k-vulnerability index. Written mathematically, a v-vertex e-edf:v
graph G is said to be optimally k-invulnerable if, for G, k, = k*, with k* satislying
the following conditions

e 2 e(v, k*)
and e < elv, k) . k>k*
_ w-a)Xg + k) o
where . e l{v, kY = -——-——-—Hz(v R

with ¢ as defined in (3).

(Note: e,(v. k) is the minimum number of edges of a v-vertex graph having @ Kuun
The following algorithm, based on algorithm 2, may beused to design optimally

k-invulnerable communication nets having v-vertices and e-edges.
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Algorithm 3:
Step 1@ Find k* satisfying the following conditions

2ev
&«
£ 8 [23 +v]

e = e (v, k%)

and e < efv, k) ., k> k*
Step 2: Using Algorithm 2, obtain the minimum edge, v-vertex graph G* having
kmin = k*

(Note: Vertex numbering of G*" as given in Algorithm 2 is retained.)

Step 3: Add {e - es(v, k™)) edges to G arbitrarily making sure that no edge
is added between vertices v; and v; whenever i, j € & I

Step 4: The v-vertex, e-edge graph G that results from Step 3 is optimally
k-invulnerable.

Lrample 5 It is required to design an optimally k-invulnerable communication net-
wark having 14 vertices and 25 edges. From step 1 of algorithm 3, we find k* = 10,
The 14 vertex minimum edge graph G** having k,,, = 10 is shown in Fig. 4.

Forp = 14 and k* = 10, e, (v, k*) = 18. Adding 7 more edges to the graph
shown in Fig. 4, taking the precaution given in Step 3 of Algorithm 3, we get the re-
quired optimally k-invulnerable graph shown in Fig. 6.

Y9 Vi3 Vio V14 Vi Vi2

Vl Vs V2 Vs V3 V7 \"4 VB
Fig. 6

FErumple 6: In Example 5, we found that

2ev
L e
§5 = [28 + v]

Me now give an example in which k* 28y = 28 and e = 35,
L 2e + v

L.—~———,_ = 20.

-C v+ p

Since e, (v, 20) = 36 > 35, and e, (v, 19) = 30 < 35, k* = 19 for this case.
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CONCLUSION *

In this papet we have established several results useful in the vulnerability
studies of communication nets, based on the propetties of K-seis of & graph. We have
also introduced the concept of k-vulnerability of communication nets and have given
a procedure to design optimally k-invulnerable communication nets. An algorithm is
also given for the generation of 2 K,,-setofa graph Gr.

We observe that while the results of this paper are useful in vulnerability
studies, they also find application in the studies of other aspects of communication
nets. For instance, in locating the maintenance and controi personnel of a communica-
tion system, one may be interested ip finding the minimum number of stations from
where the personnel will have directs access to all the links. This problem can be
handled by finding a K ~set of the graph representing the system. The algarithm 1
discussed in the third section, to generate a K, -set of a graph G will find applica-
tion in an irrigation system whose model is wsnally in the form of a graph G ;.
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