ca o e
i e O X

GN AN EXTREMAL PRGBLEM IN GRAPH THEDRY
ﬁND ITS APPLICATIUN
e

'P;;karivaratharajan*-and.Kr“Thulasiramah

i;fiN%RéﬁUcTimm o

T

Tha startlng polnt for extremal problems in graph

'theory was ‘the work of Turan L 1,2 7 _Some pf the resulfé

available’ in thls area"of’graph theory'%an“bé*féﬁndzin /37
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criterion and then relate the d351gn of optlmally invulnerable
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4" ‘5\.¢.
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A new proof of Turan's result 1_7_7 on the minimum number of
edges required t6 realise a v-vertex graph having a specified
point covering number was given. An upper bound on the

point covering number for a graph Eaving v-vertices and
e-pdges was also established. in this paper, we considecr

the following Qual problems:

1. Ideniification of maximﬁm-edge v-vertex graphs
having a spec1fled edge 1ndeonndence number and
having spe01fled 1nc1dence relatlonshlp between
matched and unmatched vertices.

2. Design_of v=vertex e-edge graphs havingrthe\

smallest edge independence number. .

“As we discuss the above problems we also establish a theorem

dué to Erdos and Gallai /8 7.

We now intrddu;gh,the notation that will be followed

in the paper.

G(V,E) will dqﬁ%%e an undirected graph without parallel
edges and self loops,: wherse V is the set ofe vertices and &
is the set of edges of the graph. (Vi’ Vj) will depote the

edge connecting vertices v, and Vj; Thus E & V&Y.

.: Vs .
The function fg: .VXV«6?30,1% will be defined as
e [ & -
follows:

fg(vi , Vj) =1, if (Vi ’ vj) ¢ E and v, é v

= 0, otherwise.



"If § and T aré?muiu&;iy SN EAE N R suEsets of V,
then

(vi ’ vj)‘ 2 &9, Yj e T, Vi £ V.

A5, T) = j

Nﬁ‘a\_
Qegan~
.

Then we define

(5T = i (ST g E

=0, if (SyT) E = @ the null set.
/
For ahy set X3 }Xl'will denote the cardinality of X.
A set of edges in a é}aph is independent, if no two
of them are adjacents

The edge independeni humber p

max of a graph 1is the

largést number of edges in dny independent set of the graph;

~.

An independent set of P ax edges of a graph is

Called a maximum matching of the graph.

The above concepts are discussed in L 4 /, /T /e

II. MAXIMUM- -EDGE v—VERTEX GRAPHS HAVIRG A SPECIFIED Pmax

Let G(V E) be a v-vertex graph with p__. = P+ Let
{-e;, eé, seny PE be a set of p independent edges in
G(V,E), where

ei = (ai’b.), i-._.,1, 2' esey P

A = §a1, 82 ? cc9y apzj

x
pJ

Let

and

B = ib“, bz’ ® ey

then the set (A\J B) will represent the vertex set of the



i ‘ 1 . '
edges éi; eé; ey epa Let Vb = V = (Ak) B). We now
' , . ; * i
define a partition T a{:vn; V{; V25 VD’ 1, V2 }_of the

set. (AU B)  according to the following rules:

i) Let a; be hot adjacent to any vertex in V. Then

a) a,& V_ and by &V

if b. 4is not adjacent
1 e:] 1

*
Q

to any vertex in

b’ .
b' . * N ‘ 2 K K )
) a, & V1 and hi&“ V1 if bi is adjacent to
exactly one vertex in Vb.

c) aié'v; and b, & V, if b is adjacent to two or
mo re verticas in V.

ii) a;€ Vy» and b & v: if a; is adjacent to exactly one
vertex in Vba

iii) a; € Vs s bi_é—V; if a; is adjscent to two or more
vert&ces in Vb'

Let, without loss of genefal;ty,

V2 = {’v1, Vo "f' vxh}; _ Tv2i .r.“x

LERRS v '1 %}Vig

x+1’.Yx+2’ x+yj

B!

Vﬁ =

1k
S &

1;' \.n\ = P - (x+y)

yx+y+2’ %"! P

* ¥

<

fom ]
'

.Fﬂﬂ humrQV\

<

b4

+

&«

+

* » % * z.:m
V2 = \Y) 1 9 V2 , s eey Vx J
V* - %rv* ‘V* S v*

1 x+1? "x+2? TN Uxwy S

and

V* V* V* ) v*

0 x+y+1? Cxay+2® T°°7 Up

* -

Let B, = (vi, vi), i = 1,2, evs, pe. It may be seen

that the set of p edges Bys Epy prer B is only a per-

: . S | 1 }
mutation of the set 3_81, 82’ e 0y e;} » Hence e1, Bys sevs ep

are also independent.;



‘It may be observed that an I-pair with fespect t0 Vi
and vj élong with the set of (p=-2) independent edges
{jek‘ k = 1,2,;a., p, k # 1, kéﬁ.E forms a set of
p independent edges. This observation plays a significant

role in the proofs of many of the lemmas that followe«

Through a series of lemmas{ we now investigate the
rnature of the function fgg That is, we investigate whether
a subset of (VXV) dis alse a subset'df E in vaggfé Uniess
stated otherWise; all the aiSCUSSiDns that follow are with
respeétto the graph G(V,E) defined at‘the bEQinning of this

section. This graph will be referred to simply as Ge
Lemma 1:

NS P _
Proofs This follows from the definition of VG and VS-.//

femma 2%

i) fg(Vb s V) = 0
ii.)-; fg_(v; ) vvg). = 0
J;;i.i) fg(\/; , v;“) = 1
iv) fg(vb , v;) = 0

Proof: We prove the lemma by contradictiom.

i) Let, for somz V. 5V, &V
i j = b
f_'V. AV = 1>-
Svg 0 V)
Then it may be seen that the (p+1) edges

(vi , Vj)’ Bys 62, ey ep will form an independent sete.



is contradicts the assumption: that-for G;lphé*n:npa

J :

 eees eb‘-aloné with an I—péir’bf

Eﬂjfé(V; , V%) =1, F@r some 'v: ;?V; Q;V;;v Then

L3 e

7= J+1’ J+2’
Téhd:yj w1ll form an 1ndependent set of (pfﬁ) edges,

1tradicting the assumption that pa = p for G.

t for éome ’ é; v and v c v, , f'(v ,'v.)_='1.
2 proof then proceeds in BXaCbly the same way as in

L)*above.

for some” v él\l ;éha € V3 h v ey

.
V.’
, %lwwa
:n_the (p+1) edges ( i A ),

81, 92,.000,"3- 1,Ej+1’

.;.ep and (VJ 3 i) where vy é. V (V L7V, ),:wil; form.

lndependent set 1ead1ng to a contradlctlan./yf

Yo e sion i aseumetisss thinio Ton L = s
re ik DL ITrIE L B SLITT A Jia R

I(V92pv1) of the edges .ig..4he aét ( b 3fV§) willrnot

-en t ln G q W r P i o , . iy i s 6 RS - - L

By'-:défi[jitioﬁé';\afaéch‘\‘iériﬁﬁx in“7V, g édnééé%é’& to
gfﬁﬁly;onéi§ér£ék”iﬁﬁ ng*”?ﬁdsﬂénfyt y' af the ytv=2p)

hthe st (V) W1 WL Be'present Tniai Y

et ng denots the pumber of edges in g v-yertex.

e graph, i.e,!r | )
(v

Cthat e

(3)

(4)

(5)

(6)

(7)

that

-which



Proof:
i) Let contrary to the lemma fg(v. , v:) = {1, for some
* * * * L% ' . - -
Vi 63(v2 \)V1), Vi A Vj’ Then it may be seen that the (p-1)
* * *
edges (vi ’ Vj)’.(vi ’ Vk)’ Bqs Bps sers By gs Bipqr o0t

ek_1, ek+1,,ei_1, ei+1, eosy ep alohg with an I-pair of v.

J
and v, will form a set of (p+1) imdependent edges. Hence
a contradictione
ii) From (i) abOVE’: ,

* : \ X .
fg(vi y V) = O, \f'vi é;Vg\J V¥, v; £ v; ~ and
* _ * - * *

fg(vi , vk) = D,S?ka,é PRV V1, vy £ vy

Hence
I * ., g%

folvs s Vi) = 0, Vv e VU V]

1eBoy
* *,

, fg(vi, vz;u vi) = 0
Hence the proofi /c/_
Threeom 2:

n*;y < nc;ma?xz{ if x+y 2 2, x £ 0.
Proof:

Let Z:s i = 1,2;8.¢, 1 be the ndmberho? vertices in

_‘VS Whicﬁ are adjdcent to i wvertices in V; « Then it
follows from theorem (1) and lemma (4) .that |
i ' : . 1
n_, ‘n -n_ - = z. (x-i) -z -1) =" z.(x+y)
x,ys c a 5:1 Zl(x l)» 1.(§+y ) iﬂ. 1( y)

-~ (FZ"Z1"22) ".‘! Zl)x 1
= nc-na—zxrzi(x+y—2) - .:?E zi(x+y—i)

< n =-n - z% /6/
~ e a o
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Lemma 5:
f (v.,v.) = 0, v é‘vb’ Vj & V1
;::i} f (v, , v.) = 0.
| If confrafy to the lemma fg(vi i v;) =1, then
it may be seen that the (p+1) edges 81, €yy eees ej_1,'
J+1, voey ep, (vi,v;), (Vj’v') where 1 € Vb’ will

form an independent set contradicting the asaumptlon that

p = p for G. /?/

max
Lemma 6
] % * V*
‘“i} fg(v , vl) = 1.
Proof:
If fg(vj, vi) = 0, then there exists a vy e Vb

il

such that f (v sV 1+ Hence the (p+1) edges (vi,v?),

K)

(v , V B9 Bpy eeey ; Y ej+1, 6 oey eh will form an

k)’,

1ndependent set coptradicting the fabt that Phax = P for G./é/

* . * *
fglvy » vy) = 1 vi € Yy vy €Yy

:::::;> £ (v ,vk) =0, SV € Vo, v # v,

It follows from the previous lemma that

Proof:

i
f (v ,vk) = 0, \%‘Vk & Vb’ vy # vi; This result, fpgether

T (v.,vi) =1, vy & Vb’ Vj GLV1 if fg(v.,v?)': 1. Hence

. . *
with lemma 5, implies fg(vj,vk) = 0, x{-vk & Vb’ Vi # Ve
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) =1, v. & Vb and V3 & V1, then by

fg(vi,vj) = 1

*

o 7 . % PR
contrary to the lemma fg(yj,vk) = 1, for some v, € V2-

further, fg(yk;vl)'= 1, v; € Vs vy £ v, Then the
L% %

) edges (Viivj),’ '(Vj’vk)' (Vk’vl)’ 917 casy ek—'l’ ek+1’

ej_1, ej+1,i;.., ep will form an independent set

ling to a contradiction. /9/

If x4y 23 2, and x # 0, then

< p(p-1). | 2 (p-—x)(p-—-x-‘l)

—_——— 4+ x(v=2p)+p” + + Ve
~ 2 2

XY

il

It follows from lemma 7 that only ‘T <y of the
‘ < ‘
-2p) edges in the set (Vb’ V:) will be present in G.
. * : : * *
Furthcr, if fg(vi,vj) =1, vy . Vb’ and‘ Vj - V1,
* - .
1 by lemma 8, fg(vj,vz) = 0.

Hence by using theorem 2 and the above facts, we get

Y

n f; nc-na -~ XZ =~ X = % y(v-2p)-r_§

= nc—na—y(v-Zp) ~ r(x=1) - zx.
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Accordlng tu lemma (1)

f (vb,vb)j_ f (vb,v );-“f (vb,v Y = 0.
If x = d, then "v?_ - gb , the. null-set. From the definition
of V1, we sse that only y(v 2p) edges in ths set (V , V T

w1ll be present in G.: Further it follows from lemma 7 thad there

!'u,‘.’:";

are atmost y edges which connect vertices in VT to those

in V,. These Fresults lead to the following:

b
L . 2p(2p-1) -
b oo ~< - -
’ " 2 N
” nD,y . > + <Y /é/
Theorem 6
. 2p(2p-1)
"o,y < "o,p T - *2p

Itcfellays throp - theotem 5. that

2p(2p-1). % a.

W\HB AN é:“ﬂovpﬂéﬁh%j ézlgafhf4£2p -

v B s =~ R Aot ; R

=jp,x D,pr

pmax ;

The graph Shown‘}n Flg.Z has

"

o Slncg L* haa « 2p edges it follows thab
BULE T ) . sy T oooom 1o S
vooA Ll | #1 c
. = -+ 2 . l
LYY e U’E 2 p -
I * :
Thus
- 2p(2p-1] . oy
nUrP s 2 “ + <P

amd th¢ grdph of FigeZ ls a Gd B graphe« It may be seen
of
fhat thls graph consisté of a colecte subgraph on (2p+1).

vertices w1uh all the other vertlces 1sglated. /C/

B}
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Theorem 9:

1)

ii)

iii)

iv)

vi)

Proof:

for

iff

iff

iff

5p + 3
Y :
7z 2
S5p + 3
v & —
>~ 2
: 5p
v 2; >
Sp-+ 3
v Z
v E; 4p.

Proofs of (i) and (ii) are given in the Appendix .

The other results follow after some straightforward

manipulations. /7

The main results of the paper follow next.

Theorem 10: / 8_/

graph

graph

Proofs

5

/N

_ 5p+3
a) Iy v < . then
i th = p.’
e Pmax P
' S5p+3
b) If v 2} —ET—, then
with Ppax = P°

is a max-edge v-vertex

is a max—-edge v-vertex

It may be easily verified from theorem 9,

p+3
2 O,p

is greater than { , n

1,0’

n

p,0

that for

and nO,D'
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5p+3
— N

2 p,0
Hence the reéult./y

Similarly for v 2= is greater than oL

1,07 nO,p and nD,O'

0f the two optimal graphs G and GD , the latter
o o "p,0 WP
is connected. In the vulnerability studies of communication
nets only connected graphs will be of interest. Hence, in

such a case, we may ignore GD and loock for connected
? .

optimal graphs. It is shown in the Appendix that

: 5p
n1,UZo( if v<--—

~ 2
_and i y __EE___
np,D ' z 732
' o .o 4'513
It follows from theorem 9, that N0 > np,D if Vs osTo.

Using these inequalities, we obfain the following main

theorem applicable for connected graphse.

Theorem 11

. S5p.
a) If v <~—;E— » G is a max-edge v-vertex
_ = 2 1,0 ‘
connecte@ graph with Poax = P*
| 5p :
b) If vy —— , G 'is a max-edge.v-vertex
cted h with = .
ponhec ed graph wi Prax P

ITI. DESIGN OF v=-VERTEX e~EDGE GRAPHS_HAVING THE SMALLEST p

max

In this section we first obtain a lower bound on ‘pmax
given the number of vertices and the number of edges. This
bound will then be used to design v-vertex e-edge graphs

having the smallest Pmax Let the functions f)i' i = 1,2,e00,5

be defined as
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It follows from theorem 10(b) that

5pi + 3

fa(pifv);;’€2(pi,v), .1. v ;; .

Since fyi(bi,v) Z e; this meahs

i 1(pi’\’)/7, e
The above inéquality contradicts the definition that Py is

the smallest value of p satisfying

Lo Z e

Hence Ps ;; Py for all i = 152900, 5. _ .

b) The proo¥ of part (b) of the theorem follows in

a similar manner from theorem 10(a). A/

Theorem 13:
2v
a) If p1‘§ ? then
P1 = Min )l P3’. P4, p5 }

) If py = = , then

pa = ‘Min { p1! p4! P5 j
Proof: The proof follows from theorem 11./7

L o Lliap Yoom DR NS A . I TS

Ty e k S (12)

T L (13)
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Remove from G_ . any (n_ - &) edges making sure that
- p,0 p,0

the resulting graph will be connected and has p .. = Ps

This can be achieved, for example, by retaining the

_ * : * ’ - het
edges (VI vi), (vys v3)s (Vgs Vp)y eoes (vg, v,) and bhe bt

p
(v1, V)
. (4v-1)(2v-3)
Case~2: If e 77 . 2' e
s 5
évz'— S5v
and e < —
~ 25

and a connected graph is required, repeat case~1.

(4v=1)(2v-3)

Case=3: If e = 5 -~ apd a connected graph is
not required then calculate Ppy» using (15). Let p = [Pé]*n
Construct G, .. Remove from G, . n n - g) edges

c 0,p 0,p any { 0,p ) g

making sure that the resulting graph has Pnax = P°

. gve - 5v .
Case-4: If e 23 >E and a connected graph is
, *
required, calculate p; using (16) and let p = [’pél .
Construct E1,U having pmax'= p and‘rgmove from 61’0
any (n1 g - e) edges making sure that the resulting graph
- s
has p = p and remains connected.

max

Iv. CONCLUSIONS

In this paper we have considered the following problems:

1. Identifiéation of max-edge v-vertex graphs - having a
specified edge independence numbcr (Erdos and Gallai

theorem 178_7 Y e



. 5p + 3 : :
Substituting Vv = '——Ef—— in the above we get
' 2 5p+3
pX X . , . , —
~ 0(?; -3 ) + 2p. = (2x+4y), for v js >

%3-0 since p > X4y

Hence the prbof. K
' 2p(2p-1) 5, plp=1) {P*k)(p-x—1)

—— =D -

iv) n1,D - v( = €v—p? + 5 S .

~y =x{v=2p)

’ X
= (x=1)(-v + 2p + 3 + p=x )

5
Substituting v = —g— in the above we get
’ P X . . 50
n1’D_—-V;;;.(x-1)(—'§ + 3+ P - x), for v :S Ef

Z (x=-1)(~ %+ 3

W

9

 Hence the proof ..

*



