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I. INTRODUCTION 
A linear digital  network,  under certain restrictions, can be completely 

described by the  associated n node equations in matrix  form 

Y (  z )  = X( 2 )  + H,( z )  Y(  2 )  + z - lHd(  z )  Y (  2) 

where Y ( z )  is a  vector of node signals, X ( z )  is a  vector of inputs, and 
H J r )  and H d ( z )  are appropriately sized  coefficient  matrices. 

To be able to compute  the node variables in a sequential manner, the 
nodes need be renumbered so that the k th node  variable  depends only on 
the k - 1 node  variables  computed  before  it. Such a  numbering of a 
digital  network is called  a computable  ordering of the  network.  Clearly, as 
mentioned in [l], after a  computable  ordering,  the  resulting  matrix H , ( z )  
will be  lower  triangular  with  a  zero  diagonal. In this letter, we draw 
attention to the fact that the problem of determining  a  computable 
ordering of a  digital  network is the same as a  well-known  problem in 
Computer Science and Graph Theory literature, namely,  the  problem of 
topologically sorting the nodes of an acyclic  directed graph [2],  [3]. We 
also point out that the  algorithm  presented in [4] and (51 for determining  a 
cornputable ordering is also a  familiar  algorithm in Computer  Science 
literature. For graph theory  terms not defined  here,  the  reader  may  refer 
to [2]. 

11. COMPUTABLE NODE ORDERING AND TOPOLOGICAL SORTING 

Let N be a %tal network.  Since  the nodes representing the input and 
the output do not play  any  role in determining  a  computable ordering, we 
may  assume,  without any loss of generality, that these  nodes are not 
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(a) (b) 
Fig.  1. Digital networks (a) N and (b) Nc, which are obtained from N by 

deleting the delay elements. 

a, - . 
b e - - -  b--e 

(c)  (d) 
Fig.  2.  (a) G a d  (b) G,-the graphs obtained from N and N,. respectively; 

(c) results  from the removal  of source nodes c and d,  while (d)  results  from 
the  further  removal of a. 

included in N .  Let G be  the  directed  graph of N .  Let. N, be obtained from 
N by deleting  the  delay  elements,  and let G, be the  graph of N,. 

For example,  consider  the  digital  network N shown in Fig. l(a). This is 
the  same as the  network used in [l] and [4] with  the input and output 
nodes  removed. N, is shown in Fig. l(b) and  the  graphs G and G, are 
shown  in  Fig. 2. 
An element ( i ,  j )  of the  matrix H , ( z )  is nonzero if and  only if in G, 

there is an edge  directed  from  the node labeled j to  the  node  labeled i .  
Thus the  matrix H,(z)  contains all the information required  to construct 
the  network N, and  hence  the graph G,. In fact, if we replace  each 
nonzero  element of H , ( z )  by 1, then  the  resulting  matrix will be the 
transpose of the  adjacency  matrix of G,. Note that for purposes of 
obtaining a  computable  ordering of N, we need  only  be  concerned  with 
the  subnetwork N, and  hence G,. 

Suppose  a  computable  ordering of the nodes of N is possible.  Then  the 
variable  corresponding to the  node  labeled k (in  the  computable  ordering) 
should  depend  only on the  variables which correspond to the  nodes 
labeled 1,2,. . . , k  - 1. In other words, for every directed edge ( i ,  k) 
incident into the  node k of G,, i should  be  less than k .  Thus the  problem 
of determining  a  computable  ordering of N, is equivalent to the  problem 
of assigning  integers 1,2; . . , n  to the  nodes of G, such that for every 
directed ( i ,  j )  in G,, i < j .  This problem is known as the  problem of 
topologcally sorting the nodes of a  directed  graph [2]. It can be shown [2] 
that topological sorting of the nodes of a  directed  graph is possible if and 
only if the  graph is acyclic. Thus summarizing we have  the  following 
result. 

Theorem 1: A computable  node ordering of a  digital  network  exists if 
and only if the  graph G, is  acyclic. 

For any  acyclic  directed  graph  the  following is true [2]. 
Theorem 2: Every  acyclic directed graph has a  node  with  zero in- 

degree. 
The  well-known  algorithm [2],  [3] for topologically sorting the nodes of 

an n-node  directed  acyclic  graph G, proceeds as follows: 
Select  any  node  with  zero  in-degree. By Theorem 2, G, has at least one 

such  node.  Label this node  with  the  integer 1. Now  remove from G, this 
node  and  the  edges  incident out of it. Let G: be  the  resulting  graph.  Since 
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by C.  van  Schooneveld  and  M.  Sondag in the June issue’ of the PROCEED 
INGS is  given  below. 

Comments2 by S. Lawrence  Marple, Jr.3 
In the  above  correspondence,  methods of improving  the  spectral  esti- 

mates  over  those  shown in [l] are presented.  The author would  like to 
examine  the  claim  of superior  spectral  estimates  and  the  claim that 
windowing  is neceSSary to improve  least squares estimates. 

The author would  like to remind readers that the intent in [l] was not to 
demonstrate relative  superiority of various spectral estimation  techniques, 
but to illustrate various  features of each  technique.  The superiority 
claimed  for  Fig. l(f) was due to the fortunate selection of just three 
sinusoid  components in areas A and B of Fig. l(d). The  same  argument 
could be used to select  two  more  sinusoid  components near a fraction of 
sampling  frequency of 0.3  since that area of the spectrum has the hint of 
two “bumps,”  similar to the “bumps” in area A .  The  claim  of superiority 
has been used frequently in the literature based on only  a few examples. 
Many  different  signal  classes  should  be  tried  and  a  large  ensemble of data 
sets should be  processed  before  claims of superiority are cited. 

A statement is made in the  above  correspondence that the time  series 
must be  windowed to prevent  “leakage”  effects in the least squares 
estimates. This is false. Leakage is a  frequency-domain  phenomenon of 
Fourier transforms of finite data sets; least squares estimates  are  time- 
domain techniques  and  have no “leakage.”  A  noniterative  least squares 
technique  with no windowing  (weighting)  of the data set was performed to 
obtain the  amplitude,  phase, and frequency  estimates  shown in [l, Table 
V, p.  14111. Note that, in at least this particular case, these are closer to 
the  true  values  than  those obtained in Table I, which used an iterative, 
weighted  least  squares  technique. 

The  relative strengths of the  three  sinusoid  components to the  noise 
strength, as shown in Fig. l e ) ,  (0, and 0) are somewhat  misleading. 
Approximately 98 percent of the total energy in the 64 data samples is 
due to the  sinusoids. 

Reply‘ by C. van Schooneveld and M. Sondag 

1) Our letter addressed two points. First, data weighting is useful in its 
own  right for spectra  with  large  dynamic  range.  Second, an additional 
benefit can be obtained by subtracting estimated  line  components,  pro- 
vided that prior knowledge  allows us to do so and that the  lines  are strong 
with  respect to the  local  background in the periodogrm. 

2)  Time and frequency  domains are linked  by a reversible operation, 
the FT. It can make no difference for the errors of an estimate whether 
the algorithm  is  executed in one domain or the other. In particular, 
leakage  remains  the  same. Our example  was  a  least squares fit of a 
sinusoid to the data. In this case, we obtain the  estimated  amplitude as a 
linear operation (a filter) on the data. The  spectral  sensitivity of this filter 
is governed  by  the FT of the data window. Thus we can use the  window to 
control the  leakage (or bias) in the  estimated  amplitude. 

Closwe’ by S. Lawrence Matple, Jr. 
The  suggestion to window data prior to a  least  squares fit is based on 

the assertion that leakage in the  frequency  domain  implies timedomain 
data must also exhibit  a  leakage  effect.  Leakage is not an intrinsic 
property of a finite time  series;  leakage is a  manifestation of the  effect  of 
a  discrete Fourier transform (DFT) when  applied to a finite data set. 
Many other transforms  could  have been arbitrarily selected such as the 
Haar, Slant, or  Mellin  transforms, just to name three. Each transform has 
its own  unique  invertible  mathematical  relationship  with the finite data 
set on which it operates.  The  choice of a particular transform will imply 
an assumption on the nature of the  time data outside  the  window of 
observed  samples. In the case of the DFT, a  periodic  extension of the data 
set is implied,  whether or not this is a hue characterization of the 
unobserved data. The “leakage” seen in the DFT frequency domain is 
nothing more than a  manifestation of this assumed  periodicity.  Tech- 
niques  are  available that use the  Fourier  transform while making a 
nonperiodic  assumption,  thereby  avoiding  leakage in the  frequency d e  
main.  The  autoregressive PSD is one such  technique, as in [l,  eq.  (2.60)] 
clearly  illustrates. 

The  proposed  windowing of data also  places  more  weight on some data 
samples  than  others. Why should  some data samples be favored  more 

Fig. 3. G, with its nodes renumbered. 

G, is acyclic, Gf is also acyclic. So, we can now  select  a  node  whose 
in-degree in G: is zero.  Label this node  with  the  integer 2. Repeat  the 
above p r d u r e  until all  the nodes are labeled. 'Ibis procedure  results in 
a topological sorting of the nodes of G,. 

Noting that a row  of mos in H , ( z )  corresponds to  a  node  with  zero 
in-degree in G,, we can see that the algorithm  presented in [4] for 
determining  a  computable  ordering is the same as the  above  algorithm for 

We shall now illustrate the  application of  topological sorting on the 
graph G, of Fig.  2@). In this graph, the nodes c and d are source  nodes. 
So we  may assign 1 to any one of them, and 2 to the  other.  Let us assign 1 
to node c and 2 to node d .  Removing  these nodes from G,, we get  the 
graph  in  Fig.  2(c). In this graph, node a is the  source. So, we should  assign 
3  to this node.  Finally,  the  graph which results after removing node a is 
shown  in  Fig.  2(d). In this graph, node b is  the  only  source. So, it receives 
4 in the  topological  sorting.  The  remaining  node e gets 5 .  The  graph G, 
with its nodes  renumbered as above is shown in Fig.  3. 

topological  sorting. 

In. CONCLUSIONS 
In this letter we  have  shown the  equivalence  of the  problem of de- 

termining  the  computable  node  ordering of a  digital  network and the 
problem of topologically sorting the nodes of an acyclic  directed  graph. It 
is also shown that the  algorithm in [4], [SI is  the same as the well-known 
algorithm for topological sorting. We conclude by noting that topological 
sorting can be very  easily  implemented using depth-first search [6]. 
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Correction to “Spectrum Analysis On the Application 
of Data Windowing to Kay and “e’s Results” 

In the  above titled letter’  several errors were inadvertantly introduced. 
In the  Comments by S. Lawrence  Marple, Jr., the  reference to Fig. 1 was 
incorrect. Also, the  Reply  by  C.  van  Schooneveld and M. Sondag was 
omitted. ‘The entire exchange that should  have  foilowed the original letter 

776-778, June 1983. 
’C. van Schoonevald  and  M.  Sondag, Proc. IEEE,  vol.  71, no. 6, pp. 
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