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track of whether a given port variable is currently assumed to 
represent a current or a voltage. 

III. CONCLUSIONS 

Given a set of state equations representing an electrical net- 
work, it is intuitively clear that synthesis will be simple pro- 
vided that all elements of the state vector represent inductor 
currents or capacitor voltages. If this condition does not hold, 
it is desirable to find a transformation of the state equations 
such that the new state vector satisfies the condition. Such a 
transformation may easily be found [l] when the solution P 
of (3) is known; in this paper, the transformation has in effect 
been found without solution of (3). It is apparent that the 
methods of this paper work precisely when (3) is difficult 
to solve. 

The techniques discussed here may actually be used to solve 
these equations. To see this, note that step 4) of the algorithm 
uses a change of variables of the form x^ = TX; it is easily 
shown that this induces a corresponding change P ; T’?T in 
(3). A straightforward calculation then shows that P is block 
diagonal, with one.of the blocks a known quantity. Each time 
step 4) is applied, a further block of P becomes known. When 
(J + J’) ultimately becomes nonsingular, the remaining un- 
known components of P can be found by solving a reduced- 
dimensional form of (3). 

It is of some interest to note that the synthesis procedure 
leaves open a number of options. To see this, suppose that 

Z(s) is the immittance to be synthesized, and that Z1 (s) is the 
immittance obtained (with Z1 (a) nonsingular and symmetric) 
after the lossless extractions of Section II. Then the following 
may easily be verified. 

1) A synthesis of Z(s) with the minimum possible number 
of reactive elements follows from a synthesis of Z,(s) with 
the minimum possible number of reactive elements. 

2) A synthesis of Z(s) with the minimum possible number 
of resistors follows from a synthesis of Z,(s) with the mini- 
mum possible number of resistors. 

3) If Z(s) is symmetric, then so is Z,(s), and a reciprocal 
synthesis of Z(s) follows from a reciprocal synthesis of Z1 (s). 

In consequence, the procedures of this paper may be used as 
a preamble to minimal-reactive, minimal-resistive, or reciprocal 
syntheses, without prejudice to the aims of these syntheses. 
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Abstract-A new method of synthesizing active RC n-port networks 
using nullators and norators is given. The method based on the reac- 
tance extraction principle uses a minimum number of grounded capaci- 
tors and gains its importance from the fact that the synthesis procedure 
does not depend on any topological considerations. A bound on the 

tiary Y(s) matrix is obtained. 
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I. INTRODUCTION 

T HE USE of nullator-norator pairs as the active building 
blocks in active RC network synthesis is well known. As 

an ideal transistor and an operational amplifier can be approxi- 
mated by a nulIator-norator pair [ 1 ] , much interest has been 
shown in analyzing [l] -[4] and synthesizing [S] -[8] with 
nullators and norators as a prelude to the analysis and synthesis 
of networks containing resistors, capacitors, and transistors 01 
operational amplifiers. In a recent paper, Yarlagadda and Ye 
[9] present a method of synthesizing networks with resistors, 
capacitors, and nullator-norator pairs which heavily depends on 
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the network topology. Here an entirely different approach is 
adopted, and a simple and general network realization proce- 
dure is established; only ordinary matrix manipulations are 
needed. For a given Y(s) several realizations are shown to exist 
and for a certain choice of parameters, a structure similar to 
that of Yarlagadda and Ye [9] is obtained. An upper bound 
on the maximum number of nullator-norator pairs required is 
obtained and is found to be less than what the method due to 
Yarlagadda and Ye [9] suggests. 

The synthesis method presented here is based on well-known 
state-space techniques and the reactance extraction principle. 
The use of state-space techniques in the synthesis of passive 
[lo] -[12] and active networks. [13] -[16] is attractive, since 
it can lead to a network employing the minimum number of 
reactive elements, all with one end grounded, a favorable fea- 
ture for integrated circuit fabrication [ 171. 

II. REALIZATION PROCEDURE 

We restrict our attention for a given short-circuit admittance 
matrix Y(s) to the synthesis of networks with resistors, capaci- 
tors, and nullator-norator pairs. Synthesis for other types of 
network descriptions, such as a voltage gain matrix, can in gen- 
eral be related to the synthesis of a Y(s) [15]. 

The given n X n matrix Y(s) of real rational functions of the 
complex frequency variable s is assumed to be regular at infin- 
ity. If Y(s) is not regular at infinity, it can be transformed to 
one regular at infinity by a Mobius transformation [18] . The 
synthesis procedure to be discussed is then applied to the newly 
formed matrix. The realization for the original matrix can then 
be obtained by the inverse transformation [14] . Thus the as- 
sumption that Y(s) is regular at s = 00 involves no loss in 
generality. 

Following the steps of Melvin and Fkart [ 141, the problem 1 
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Fig. 1. Network block diagram. 

Fig. 2. SubnetworkNR. 
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of synthesizing an active RC network from its short-circuit ad- wnere 
mittance representation reduces to that of synthesizing an 
(n + p)-port network NR of resistors and nullator-norator 
pairs, loaded by a subnetwork N, containing p star-connected 
capacitors-where p equals the degree of the matrix Y(s) [ 19]- 
as in Fig. 1, from its short-circuit conductance matrix GNR . 
The matrix GNe is obtained as 

(1) 

where C is a diagonal matrix with the capacitor values of N, 
being the diagonal entries. We note that 

(2) 

where e, and il are n-vectors of input voltages and currents, 
respectively, and e2 and i2 are p-vectors of capacitor voltages 
and currents of the subnetwork N,. 

The (n +p)-port network NR may be viewed as a 
(3n t 3p t 2a)-port resistor network Nk with nullator-norator 
pairs connected to the other 2(n + p + a)-ports,..as shown in 
Fig. 2. The value of a will be specified later. Weshall denote 
the port voltage vector E of Nk by / 

ej = [&, ej2, - - - ,&I’, forj= 1,3,andS 

e;= [ej1,e;2,---,eiP]t, forf=2,4,and6 

and 

ej= [e~1,e;2,--*,e~a]t, forj=7and8. 

Similarly, the port current vector I of Nfi will be noted. 
Then +he short-cum& conductance matrix G&R of Nk will re- 
late I and E as 

I=G~R *E=(gjk)E (3) 

where gjk is the submatrix of GI;R formed by the rows and 
columns corresponding to ii and el. G;VR will be constructed 
so as to be a real symmetric hyperdominant matrix. 

Now the connection of nullator-norator pairs to Nk imposes 
the following constraints 

e\ = e: = el 

e& = ek = e2 

) - 
e5 _ ek = ek = 0 

iH =O 

il =i; t i; 
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Fig. 3. Network realized in example. Active RC n-port synthesis using nullators and 
norators. All values mhos and farads. 

and 

Further, let 

and 

i2 = ii + ii. 

gij = PI > for i = 1 to 8 

j = 1 and 2 

Since B’ is of rank 1, it is quite simple to obtain a decomposi- 

(4) 
tion such that [gs7 g67] ’ and [gas gM] are vectors of non- 
positive entries. The number a of nullator-norator pairs con- 
netted to ports 7 and 8 then becomes 1; thus the maximum 
number of nullator-norator pairs required to realize an arbi- 
trary Y(s) matrix by this method is 2n + 2p + 1. 

(5) From (7) and (8) the entire GhR matrix can be constructed, 
taking care to see that it is a hyperdominant matrix. 

gs7 = L-u]. 
Then from (1) to (5) we get 

It may be noted that the first term on the left-hand side of 
(6) is a matrix of nonpositive elements with no restrictions on 
their values and the second term is a matrix of nonnegative 
elements, again with no restrictions on the element values. By 
choosing C and then splitting the matrix on the left-hand side 
of (6) into two matrices satisfying the above requirements, one 
can obtain the elements of GiR and hence &. We next give 
a procedure to get a simple decomposition of G,, as indicated 
by (6) and to obtain a bound on the maximum number of 
nullator-norator pairs required for the realization of any arbi- 
trary matrix Y(s) 

EXAMPLE 

Consider the Y(s) matrix given in [9, example (I)] 

3s2 + s + 2 
Y(s) = 

1 

[ 

-(s + 1) 
s2 tst1 1 -2(s- 1) 3s2 tst3 ’ 

One set of matrices F, G, H, and J are 

Choosing 

1 0 
C= [ 1 0 1 

and g,, c-1 

We first split the left-hand side of (6) as the sum of two we get 
matrices A and B where A contains exactly all the nonpositive 
elements and B contains all the nonnegative elements. Now by 

G NR =A’+B’ 

suitably adding elements to both A and B we can reduce B to a 
rank 1 matrix. The resulting matrices A’ and B’ will still retain 
the nonpositive and nonnegative character of A and B. We = 

then identify A’ and B’ as 

and 
[ 1 

L-4 -4 0 OJ 
A, = gs3 gs4 

(7) 
g63 g64 (10) 

B’= ;; kt33 gs41. [ 1 
Using (9) and (10) the entire CAR matrix is constructed taking 

(8) care to see that it is hyperdominant. The final network ob- 
tained after embedding nullator-norator pairs on& and con- 
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netting NC is shown in Fig. 3. It should be noted that we have 
used 9 nullator-norator pairs and 18 resistors as compared to 
the 11 nullator-norator pairs and 17 resistors in [9, example 
U)l. 

CONCLUSION 

A simple and systematic method of synthesizing active RC 
networks’ with nullator-norators pairs is given. The method 
was developed using simple matrix manipulation. A bound on 
the maximum number of nullator-norator pairs for the realiza- 
tion of any arbitrary Y(s) matrix was obtained. 
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Signal Flow Graphs-Computer-Aided System 
Analysis and Sensitivity Caktilations 

ARNOLD Y. LEE 

Abstract-Concepts which promise to extend many fundamental re- 
sults of network theory to general systems are introduced. The basis 
for these extensions is the introduction of two matrices, the summing 
matrix S and the branching matrix B, which completely describe the 
topology of a signal flow graph. This leads to a formulation of system 
equations in terms of submatrices of the S- and B-matrices suitable for 
digital-computer programming. Consequently, many computer-aided 
circuit analysis and design programs can now be employed for the 
computer-aided analysis and design of systems representable by signal 
flow graphs. This formulation also leads to a straightforward algorithm 
for obtaining the system gain, an alternate to using Mason’s gain 
formula. Furthermore, the power of this formulation, and its strong 
relation to network theory, is demonstrated by the derivation of a 
theorem similar to Tellegen’s theorem in network theory. The theorem 
depends only on the topological properties of the summing and branch- 
ing matrices and not on the functional relationships between the branch 
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variables. An application of this theorem leads to a definition of ad- 
joint signal flow graphs for both static and dynamic systems. From 
this, a sensitivity calculation for output variables with respect to a 
system parameter is developed which is equivalent to the analysis of 
two signal flow graphs, the original one and its adjoint. 

INTRODUCTION 

S IGNAL FLOW GRAPHS were first introduced by 
Mason [l] and have been used extensively in representing 

the structure of relationships between variables of a system. 
Mason’s general gain formula permits calculating the system 
gain directly from the signal flow graphs. However, the 
formula does not lead to an efficient computer program. Thus 
its use in a computer-aided system analysis program is some- 
what tenuous. In this paper, two matrices, the summing 
matrix S and the branching matrix B, are introduced, which 
completely describe the topology of a signal flow graph. A 


