
2 IEEE TRANSACTIONS ON CIRCUIT THEORY, VOL. CT-16, NO. 1, BBBRUARY 1969 

The Modified Circuit Matrix of an &Port 
Network and Its Applications 

KRISIINAIYAN THULASIRAMRN AND VEMPATI G. I<. MURTI, MEMBER, IEEE 

Abstracf-Certain properties of the modified circuit matrix useful 
in the analysis and synthesis of n-port networks are outlined. A 
sufficient condition based on the modified circuit matrix is given 
for the proper pseudoseries connection of n-port networks. The use- 
fulness of the concept of the modified circuit matrix in the syn- 
thesis of networks is demonstrated by giving a new approach to the 
realization of two-element-kind two-port networks. 

I. INTRODUCTION 

T 

HE MODIFIED cutset and the .modified circuit 
matrices were first introduced by Cederbaum in 
connection with the generation of equivalent n-port 

networks [l]. The properties of the modified cutset matrix 
have subsequently been investigated in more detail, and 
they have been used to obtain a necessary and suircicnt 
condition for the proper parallel connection of n-port 
networks [2]-[4], and also to obtain an improved method 
for the generation of a class of continuously equivalent 
networks of a given n-port network [4]. In this paper, the 
properties of the modified circuit matrix are investigated. 
Several of the results obtained in this paper are similar 
to those obtained in [4]. 

In Section II, certain properties of the modified circuit 
matrix useful from the point of view of synthesis of n-port 
networks are outlined. In Section III, a sufficient condition 
is obtained for the proper pseudoseries connection of 
n-port networks. A procedure is given in Section IV for 
the realization of (2 X 2) real symmetric dominant matri- 
ces by networks all having a prescribed modified circuit 
matrix. The results of Section IV are used in Section V 
to obtain a procedure for the realization of the impedance 
matrices of two-element-Bind two-port networks. 

II. PROPERTIES OF THE MODIFIED CIRCUIT MATRIX 

We consider an RLC n-port network with a current 
source connected to each one of its ports. Each current 
source, along with the impedance in series with it, is 
replaced by an edge in the linear graph of the network. 
Where such an impedance does not exist in the network, 
we consider an element of zero impedance to be present. 
Let the graph so formed be in one part and have e edges 
and v vertices. All the edges corresponding to current 
sources can be included in a cotree of the graph of an 
n-port network permitting connection to n independent 
current sources. We choose a tree of the graph satisfying 
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this property and refer to the links representing the cur- 

rent sources as port chords. Let B, = & Cl g- be the 

fundamental circuit matrix of the network w:th respect 
to this tree, where the rows of the submatrix B, correspond 
to the port chords and those of the submatrix 13, cor- 

respond to the remaining (e - v + 1 - n) chords, which 
may be referred to as nonport chords. If 2, is the diagonal 
matrix of edge impedances, Z,, = B,Z,B:, Z,, = B,.Z,B; 
= Z;,, and Z,, = B,Z,B& then the modified circuil; matrix 
B and the open-circuit impedance matrix Z of the n-port 
network are given [l] as 

and 

B = B, - Z,,Z;;B, (1) 

Z = Z,, - Z,,Z;,‘Z,, = BZ,B’. (2) 

For the singular cases where Z;: does not exist, the modi- 
fied circuit matrix also does not exist. Barring these cases, 
if I,, ID, I,, V,, and V,,, respectively, refer to the column 
matrices of edge currents, port currents (source currents), 
currents in the nonport chords, voltages across edge 
impedances and port voltages, respectively, then we have 

I, = B/I, (3) 

V, = BV, (4) 

an d 

I, = -z;:z,,r~. (5) 

Equations (a), (3), and (4) emphasize .the similarity 
in the roles of the modified circuit matrix and the funda- 
mental circuit matrix. Where the number of ports equals 
the number of chords, the modified circuit matrix is the 
same as the fundamental circuit matrix. Unlike Bf, B is 
not a purely topological matrix and it depends, in general, 
on both the topology and the edge impedances. 

Theorem 1 

The element bii of the modified circuit matrix B is 
equal to the current through the edge corresponding to 
column j when port i is excited with a source of unit cur- 
rent and all the other ports open-circuited. 

Proof: The theorem follows from (3). 

Theorem 2 

Let M = [mii] be a matrix of order n X (e - v + 1 - n) 

such that 1) the row and column ordering of M corre- 
sponds to the ordering of the rows of B, and B,, respec- 
tively, and 2) mjj is equal to the current through the jth 
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iio,lport chord when port i is excited with a source of unit 
c1lrren.t and all the other ports are open-circuited. Then 
$2 = -Z,,Z;~ and B = B, + MB,. 

Proof: Let M, be the ith row of M. If port i is excited 
with a source of unit current and all the other ports open- 
circuited, then we have from hypothesis 

I, = Ali. 

IBut from (5), 

I, = -z;;z,,r, 

(6) 

3 

(7) 

Lli 0 

= - (ith column of Z;i,‘z,,) . 

From (6) and (7), 

Md = - (ith row of Z,,Z;k), 

similarly for the other rows of M. Hence, it follows that 

M = -z&z,:, (8) 
and from (I), 

B = 13, + MB,. (9) 

Il’heorem 3 

If Z, be the edge impedance matrix of a given n-port 
network and B its modified circuit matrix, then 1) BZ,BJ 
= 0, and 2) BZ,Bi = Z, where Z is the open-circuit im- 
pedance matrix of the network. 

Prooj: 

1) BZ,B; = (B, - .Z,,Z;;B,)Z,B: 
1 

= 21, - z,,-Gz!, 00) 
= 0. 

2) BZ,B: = (B1 - Z,,Z;;B,)Z,B: 

= z,, - z,,z,-,‘z,, (11) 
= 2. 

Theolwn 4 

Given the modified circuit matrix of an n-port network 
having specified edge and port configurations and orienta- 
tions, then the matrix M is uniquely specified. 

Proof: The proof follows from Theorems 1 and 2. 

Theorem 5 

Let for a given n-port network N,, B, be the nonport 
+Aord submatrix of the fundamental circuit matrix and 

B the modified circuit matrix. If any diagonal matrix 
Zs2 satisfies the equation BZ,,B~ = 0, then the modified 
circuit matrix of an n-port network N, with Ze2 as its 
edge impedance matrix and having identical port and 
edge configurations and orientations as N, is also equal to 
B. 

Proof: From Theorem 4, it follows that the matrix M 
of network N, is uniquely determined. Its modified circuit 
matrix B is then equal to (B, + MBJ by Theorem 2, 
and by hypothesis we have 

or 
(B, + MB,)Z,,B; = 0, 

(12) 
(B,Z,,B,‘) (B&B;)-’ = -M. 

Since N, has the same edge and port configurations and 
orientations as N,, the topological matrices B, and B, 
are the same for the two networks. The matrix on the 
left-hand side of (12) can then be recognized to be the 
(Z&?&i) matrix for N,. Hence, its modified circuit matrix 
is equal to (B, + MB2) or B, i.e., the modified circuit 
matrix of N,. 

From the above theorem, it follows that the class of all 
n-port networks having the same modified circuit matrix 
as a given n-port network can be obtained from the solu- 
tion of BZ,BL = 0. This result will be used in Section IV. 

111. PSEUDOSERIES CONNECTION OF n-PORT NETWORKS 

One approach to the solution of the problem of realiza- 
tion of a real symmetric matrix as the open-circuit 
resistance matrix of an n-port network is to realize the 
inverse of the given matrix as the short-circuit conductance 
matrix of an n-port network. Extension of this approach 
to the realization of the open-circuit impedance matrix 2 
of an RLC n-port network requires the realization of the 
parameter matrices or the residue matrices (if they are 
real) of the given matrix 2 and a suitable connection of 
the appropriate n-port networks realizing the component 
matrices of Z, so that such a combination has an open- 
circuit impedance matrix equal to 2. Guillemin [5] observes 
t,hat such an extension is not feasible since “if two or all 
three of these open-circuit resistance matrices are given 
and the problem is to find an RL or ItLC network char- 
acterized by them, then the realizations found in this way 
are of no use, for there is no way in which the separate 
single-element-kind realizations can be comiected to form 
the desired result.” On the other hand, Slepian [6] em- 
phasizes the need for finding a solution to this problem 
when he poses t,he question of defining an addition of two 
n-port networks N, and N, to obtain a new n-port net- 
work N, and determining the conditions on N, and NZ 
so that the open-circuit impedance matrix of N, is equal 
to the sum of the open-circuit impedance matrices 2, 
and 2, of N, and N,. In this section, a partial answer to 
this question is offered. 

We consider two n-port networks N, and N, with iden- 
tical port and edge configurations and orientations and 
having 2, and 2, for their open-circuit impedance matri- 
ces. From these we form a third n-port network N, also 
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having the same edge and port configurations and orienta- 
tions, but having the impedance of each edge as the sum 
of the impedances of the corresponding edges of N, and 
N,. We shall refer to N, as the pseudoseries combination 
of N, and N,. We now consider the conditions under which 
the open-circuit impedance matrix 2, of the network N, 
is equal to the sum of the open-circuit impedance matrices 
of N, and N,. When N, has such a property, we qualify 
it as the pyopey pseudoseries combination of ,N, and N,. 

Let Z,, be the diagonal edge impedance matrix of an 
n-port network N, having B as its modified circuit matrix 
and let Z,, be the diagonal edge impedance matrix of 
another n-port network N, having the same topological 
configuration as N, and also the same modified circuit 
matrix B. It now follows that 

%Z~I + Z,,)B; = BZ,,B; + BZ,,B; 
(13) 

= 0. 

The matrix (Z,, + Z,,) represents the edge im- 
pedance matrix of a network N,, which is the pseudoseries 
combination of N, and N,. From Theorem 5 it is seen 
that N, also has the same modified circuit matrix 12. 
If Z,, Z,, and Z, are the open-circuit impedance matrices 
of N,, N,, and N,, then we have 

Z, = BZ,zB' 
(14) 

= B(Z,, + Z,,)B' = RZ,,B'+BZ,,B' = Z, + Z,. 

Hence, N, is the proper pseudoserics combination of N, 
and N,. Thus, it can be concluded that a sufficient con- 
dition for the proper pseudoseries combination of N, and 
N, is that their modified circuit matrices be equal. It can 
also be shown that this condition is necessary for the 
proper pseudoseries combination of N, and N, if N, and N, 
contain only positive R, L, and C elements [7]. This con- 
dition for the proper pseudoseries combination is similar 
to the one based on the modified cutset matrix obtained 
for the proper parallel combination of two Tz-port net- 
works without internal vertices [3], [4]. It may, however, 
be noted that pseudoseries combination is not the dual of 
parallel combination, when internal vert]ices are present. 

IV. RIGALIXATION OF A (2 X 2) RJCAL DOMINANT MATRIX 

In this section, we consider the problem of realization 
of a (2 X 2) real dominant matrix as the open-circuit 
resistance matrix of a two-port network having a pre- 
scribed modified circuit matrix. 

Consider the two-port resistive network shown in Fig. 
1, where p, Q, a, 0, c, d refer to the resistances of the re- 
spective edges. The mod&d circuit matrix of this two- 
port network can then be obtained as 

B= l O r - m, ml -(I - m,) (1 - ml)l 

Lo 1 -(I - 771,) -m2 (1 - m,) m2 1 

Fig. I. Two-port resistive network. 

where m, = (b + c)/(a + b + c + d) and 172~ = (b + 
cl)/(a + b + c + cl), and m, and na2 are positive. 

Given the modified circuit matrix as in (15) and a real 
symmetric open-circuit resistance matrix Z as below, let 
it be required to find a two-port network in the form shown 
in Fig. 1 having these specifications. 

be the fundamental circuit matrix of 

this network kith respect to the tree comprising the 
edges esl, e,,,,, and e321 with B, and B, as defined in 
Section II. 

Let 

b 1 
(I 0 

R= 
cl 

, 
a 

0 0 

C 

the edge resistance matrix, satisfy the two equations 

BRB$ = Z (17) 

BRB: = 0. (18) 

This implies that the mod&d circuit matrix and the open- 
circuit resistance matrix of the two-port network having 
R as its cdgc resistance matrix are equal to U and Z, 
respectively. Equations (17) and (IS) together can be put 
in the following form. 

10 0 0 1 - ml 1 - m, 

01 0 ?nZ 0 m2 

00 0 - 1711 0 1 - m, 

00 0 0 -(l-mm,) m2 

00 -ml -m, 1 - m, 1 - ml 

0 0 -(I - m,) mz -(I - m,) m2 

-p1 

2 

d 1 

a 

6 

C 
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Given the open-circuit resistance matrix 2 and the modi- 
lied circuit matrix B, a unique solution of the six resistance 
values does not exist, as the coefficient matrix in the above 
equations has a rank equal to 5. We can, however, choose 
one of the resistances, say c, as an arbitrary parameter 
and express the other resistances p, 4, a, b, and d in terms 
of c, ml, mz, Gl, x12, and xzZ as follows. 

a = (1 - %)C _ 22 
ml ml 

5 

’ = (1 X2) - (1 22m2) 

d = (1 - m,)m,c + x,,(m, - m2> 
ml0 - m,) (20) 

p = z,l + (:l_?n’)y _ 0 - mdc 
m2 (1 - md 

p=z,,+~LT/l?c. 
ml 

For a proper realization, it is required that p, q, a, b, and 
d be non-negative for a non-negative c. This restriction 
leads to the following inequalities: 

c > z12(m2 - ml> 
- (1 - m&k 

c < ~~(1 - m2> + x - 
0 - m,) I2 

1) 212 < 0: 

62 32 z12(m2 - ml) 1 < < - - 5 0 5 - 
ml 

m, m,(l - m,) “y!yrn;; 

Or 

2) 212 > 0: 

A non-negative c such that 

satisfies the constraints (21). 

Case B: xl1 2 zzz 

Let m, and mz satisfy the following relations: 

3 2 m, 2. m,; xz2nzl 2 (1 - m2> 12121- (24) 

Then the following relations hold. 

1) Xl2 < 0: 

Xl2 212 -- 

(21) mZ 
<- 

.4m2 - md < o 
1 - m, ’ (1 - ml)m2 - 

+ 212 

or 

c4 
zzzw 
__ + 212. 

2) %I2 > 0: 
m2 - 

If m, and m2 or, in other words, B is specified, then 0 5 z;;‘“‘,,,;:’ 5 r-% 5 FE m, 

choosing a non-negative c satisfying the above inequalities 
and using (20), a proper two-port realization of 2 having 
the specified modified circuit matrix and the configuration 
shown in Fig. 1 can be obtained. 

+ %2 

A non-negative c such that 
If it is not possible to obtain a non-negative c satisfying 

the inequalities in (21)) it only means that the given domi- 
nant matrix 2 cannot be realized with the specified 
modified circuit matrix. However, it can be realized with 
some other modihcd circuit matrix. 

We now consider a different aspect of the problem. 
Given a Z matrix, we wish to determine an appropriate 
modified circuit mat’rix, which leads to a proper realization 
of a given 2 in the form of the network shown in Fig. 1. 
One solution of this problem, which is presented below, 
is adequate for our purpose. 

Case A: G22 - 211 > 

I,et m, and m2 satisfy the following relations: 

m, 2 ml 2 3; h(1 - m2) 2 ml Jhl. 

Then the following relations hold. 

(22) 

i- m2 

< 211(1 - md 
- (1 - m,) + ‘I2 

satisfies the constraints (21). 
Thus, depending on the relative magnitudes of xl1 and 

zZZ in a given 2, ml and mZ may be chosen to satisfy tither 
(22) or (24) to ensure a proper realization of the matrix 
2. Sin.ce zZZ/lxlZl 2 1 and x~~/\x~~( >_ 1, this is always pos- 

sible to do. It must be noted that there exists, in general, 
a large number of sets of In, and m2 satisfying (22) or (24) 
and, hence, a large number of realizations for a given 2 
is possible. If the matrix is just dominant, i.e., xl1 or 
x 22 = \xlZ(, then the only possible choice is m, = m, = 3. 
It may be further noted that for every appropriate set of 
values for m1 and nz2 a large number of equivalent realiza- 
tions can be obtained by choosing any value of c over a 
continuous range specified by (23) or (25). 
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The ideas presented here will be used in the next section 
to obtain a procedure for the synthesis of two-element-kind 
two-port networks. 

V. SYNTHESIS OF TWO-ELEMENT-KIND 

TWO-PORT NETWORI~S 

matrices of the given set is just dominant, then r = 1 and 
the choice is limited to m, = m, = 4. For a chosen set of 
values for m, and m,, once again a large number of con- 
tinuously equivalent networks can be obtained by choos- 
ing different values of c in the interval given by (25). 

In light of the result obtained in Section III on the suf- 
ficient condition for the pseudoseries connection of a set 
of n-port networks, realization of the 2 matrix of an 
RLC n-port network leads to the problem of realization 
of the residue matrices of 2 by resistive n-port networks, 
all of them having the same modified circuit matrix. When 
the residue matrices are not real, the parameter matrices 
of Z should be obtained, but determining the parameter 
matrices is not always easy. In this section, we consider 
the synthesis of two-element-kind two-port networks, since 
for two-element-kind networks real residue matrices can be 
conveniently set up and a synthesis procedure for two- 
port networks has been established in Section IV. 

Next, we consider the question of realization of two- 
element-kind two-port networks. Each entry zij in the 
open-circuit impedance matrix 2 of a two-element-kind 
two-port network can be expressed as follows in a general 
case. 

LC Network 

RL Network 

RC Network 

We first show that a set of (2 X 2) real symmetric 
dominant open-circuit resistance matrices Z,, Z,, . . . , 2, 
can always be realized by resistive networks having the 
form shown in Fig. 1 and having the same modified cir- 
cuit matrix. In the discussion that follows, a quantity 
pertinent t,o 2, is distinguished by the superscript (76). 
First, we assume that for each matrix Z,, 

x11 - (k) > 4:‘. 

Let e be the minimum of 

w 

The (2 X 2) real matrices [x$)1, [xl:‘], . * * , [x::‘] are termed 
the residue matrices. When the residue matrices are domi- 
nant, they can be realized by two-port networks, all of 
them having the same configuration shown in Fig. 1 and 
having the same modified circuit matrix by the procedure 
outlined above. All the resistances of the network realizing 
a particular residue matrix are then multiplied by the 
appropriate function of s and the resistive network con- 
verted into a two-element-kind network. The pseudoseries 
combination of all these networks will then have an open- 
circuit impedance matrix equal to the given matrix 2. 

{ 1 t& for all lc = 1,2, *f. ,p. 

If the residue matrices are not dominant, then the im- 
pedance level of the transfer impedance may be scaled 
down by an appropriate factor so that the residue matrices 
are dominant. A two-port network having this modified 
2 matrix retains the same poles and zeros for the driving- 
point and transfer impedances as specified. However, the 
transfer impedance is realized with the appropriate scale 
factor. 

It is then clear that m, and m,, chosen to satisfy the fol- 
lowing inequalit.ies, meet the requirements of (29) for 
each ZB and, hence, form an appropriate set for the proper . . 
reahzatron of Z,, . . * , ZP. 

E > (1 - m2) ___- - 
ml WI 

+ 2 m2 2 m,. 

If the requirement of (26) is not satisfied by any matrix 
Z,, then we can always split Z, as Z; + ZL’, where Z:’ 
is a diagonal matrix having the form 

Example 1 

We next consider the realization of the following open- 
circuit impedance matrix Z. rll 0 [ I* 0 f-22 3s2 + 12s + 4 -sz - 2 

and Z; a suitable dominant matrix satisfying the require- z= 
---x7- I s”+s . 

ment of (26). We then consider ZL along with other matri- --s2 - 2 4s2 + 12s + 3 

ces of the given set for purposes of determing appropriate s2 + s s2 + s I 

m, and m,. After a network realizing ZL is found, the This can be split up as follows. 
resistances in series with ports 1 and 2 are increased by 
rll and r22 to obtain a realization corresponding to Zk. It 
is obvious that the new network realizing Z, has the same 
modified circuit matrix as the one realizing ZL. 

In general, a continuous set of values over a certain 
range can be found for m, and m, to satisfy the inequalities 

= jz, + z, +-&z3. 
of (27). As pointed out in the last section, when one of the To make xl1 2 xzz for all the matrices, we split Z,: 
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4,s 
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i 

PORT 2 

~cjg. 2. Network realizing the Z matrix of Example 1. 

.;=z;+zq-; -:‘f 3. 
We next consider the realization of Z,, Zi, and 2, by two- 
port networks having the form shown in Fig. 1 and the 
same modified circuit matrix. 

e = 3. 

C%00se 7% = 0.4 and m, = 0.5. 
‘.#.“be following resistance values for the resistive two- 

port networks realizing Z,, Z;, and Z, are then obtained. 

Network I: Realizing Z, 

Network II: Realixing Zi 
a z 4; b = 3; c = 1; d z 2; p = *; q = 3. 

Netwodc III: Realizing Z, 
a ~7 $; Z, = 0; c = (j; cj = J$; p = p; q = f. 

Y’hc network realizing Z, = Zg + Zi’ can be obtained from 
Network II by connecting an additional resistance of 1 
ohm in series with port 2 of Network II. The networks 

7 

realizing (l/s)Z,, Z,, and Z,/(s + 1) can be obtained by 
converting the resistances of the networks realizing Z,, Z,, 
and Z, into the appropriate impedance functions. The 
overall two-port network realizing the open-circuit im- 
pedance matrix Z is shown in Fig. 2. 

VI. CONCLUSIONS 

Certain properties of the modified circuit matrix useful 
in the analysis of n-port networks are obtained. Based on 
these properties, a suficient condition is developed for the 
proper pseudoseries combination of n-port networks. The 
procedure given to realize the open-circuit impedance 
matrix of two-element-kind two-port networks demon- 
strates the usefulness of this criterion in network synthesis. 
Even though an unsymmetrical lattice realizing the Z 
matrix of Example 1 can possibly be obtained by other 
methods, the present approach has the feature that for 
a given Z matrix a large number of continuously equiv- 
alent networks can be obtained. The application of this 
method to the synthesis of higher order n-port networks 
and .to the generation of equivalent n-port networks is 
under investigation. 
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