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a A False =False {a null}

(avb)vec=av(bvec) {v associative}
an(bvc)=(anab)v(anc) {adistributes over v}
av(bac)=(avb)a(avc) {vdistributes over n}

(avb)ab=b

av True =True {v null}

aanTrue=a {n identity}

av False=a {v identity} 1

a v Fals: (v iderity) . Some Equations of
ava=a (vicempotent - Boolean Algebra
anb=b ra {n commutative}

avb=bva {v commutative}

(anb)ac=anar(barc) {A associative}

-(aanb)=(-a)v(-b) {DeMorgan's law A}

-(avb)=(-a)a(-b) {DeMorgan's law v}

-True = False {negate True}

-False = True {negate False}

(a A (- a)) =False {n complement}

(av (-a))=True {v complement}

-(-a)=a {double negation}

(arnb)—c=a—=(b—c) {Currying}

a—b=(-a)vb {implication}

a—b=(-b)—(-2a) {contrapositive} Theor ems
AXlomS (arnb)vb=b {v absorption}

{a absorption}

(avb)—c =(@a—=c) A (b—c) {vimp}

Equations of Predicate Calculus

7 21

FAW ) L0\ LL)
(VXT(X))—T(C)

((VxF(x)) v @) = (Vx.(F(X) v q)
(@xf()) A q) = (Ax(F(x) A q)) &
(@x£(x)) v q) = (@x.(f(x) v q)) +°

(Vx.(f(x) A g(x))) = ((Yx.f(x)) A (Vx.g(x)))

@Ex.(F(x) v g(x))) = (AxF(x)) v (3x.g(x))

(Vx. f(x)) = (Vy. f(y)) y n
@x. f(x))=@y. f(y)) xn°

((YX.F(x)) A Q) = ((YX.(F(x) A ) @e\‘\

in f(x) and
of P ee in fY)

7 oFf
f(c) — @x. £(x)) {7.4}
(Vx. ~f(x)) = (~@x. f(x))) {deM 3)
@x. ~f(x)) = (~(¥x. f(x))) {deM v}

{a dist over V}
{v dist over V}
{a dist over 3}
{v dist over 3}

{V dist over A}

{El'dis‘r over v}

{VR}
{3R}
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Some Software Axioms
0 Axiom of sequence construction

X i [Xq, Xp, oy Xp) = [X, X1, X2, o) X, -(.)
Q Axioms of concatenation

[J++ys=ys = (+)[]

(x : xs) ++ys = x : (Xs ++ys) — (++):

What is the type of (++) ?
(++) + [a] -> [a] -> [a]
O Axioms of foldr
foldr ®)z[]1=z2 -- foldr[ ]
foldr (®) z (x : x3) = x ® (foldr (®) z xs) -- foldr:
What is the type of foldr ?
foldr::(a->b->b)->b->[a]->b
Q The "big or" axiom
(\/) :: Bool -> Bool -> Bool --"little or" - satisfies Boolean laws for v
or = foldr (\/) False -- "big or"
What is the type of or ?
or :: [Bool] -> Bool

Inductive E?uaflons (axioms) and Some Theorems
sum :: Num n=>[n]->n
sum(x: Xs) = X + sum xs sum :
sum[ ]=0 sum[ ]
Theorem: sum = foldr (+) O sum.foldr
length :: [a] -> Int
length(x: xs) = 1 + length xs length.:
length[ ]=0 length.[ ]
Theorem: length = foldr oneMore O length.foldr
(++) = [a] -> [a] -> [a]
(x: xS) ++ ys = X: (XS ++ys) e
[]++ys:ys ++[]
Theorem: xs ++ ys = foldr (:) ys xs ++ foldr
Theorem: length(xs ++ys) = (length xs) + (length ys) ++.additive
Theorem: ((xs ++ys) ++ zs) = (xs ++ (ys ++ z5)) ++.ass0C
concat :: [[a]] -> [a]
concat(xs: xss) = xs ++ concat xss concat.:
concat[ ]=1[1] concat.[ ]
Theorem: concat = foldr (++) [ ] concat.foldr
(x:[D=[x] [
(xs=[1) = @x.3ys. (xs = (x: ys))) (1) s
(X :[xq, X5, ..]1) = [X, Xq, X5, ...] ..)
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Patterns of Computation

Pattern: foldr (®) z [Xy, X5, .., Xp1, X0 ] = X1 @D (X, @ ... (X4 @ (X, @ 2)) ...)
foldr::(a—>b->b)—>b->[a]->b
foldr (®) z (x: xs) = x ® foldr (®) z xs --foldr:
foldr ®)z[ 1=z --foldr[ ]

Pattern: map f [Xy, X5, .. X, = [f X1, f X5, ... f x,]
map :: (@ —> b) —> [a] —> [b]
map f (x : xs) = (f x) : map f xs --map:
mapf[1=1[] --map[ ]

Pattern: zipWith b [xy, X5, ... X,] [Y1, Y2, - Yol = [D X1 Y1, b X5 Y5, .. b X, ¥,]
Note: extra elements in either sequence are dropped

zipWith :: (a —> b —> ¢) —> [a] —> [b] —> [c]

zipWith b (x:xs) (y:ys) = (b x y): (zipWith b xs ys) --zipW:
zipWithb[] ys=[] --zipW[ |,
zipWithb xs [1=[] —-zipW[ Ir

Pattern: iterate f x =[x, f x, f(f x), f(f(f x)), ...]
iterate :: (@ —> a) -> a —> [a]
iterate f x = x : (iterate f (f x)) --iterate

5

Truth Tables for Logical Operators
P Q |PAQ |PVQ|P®Q|P=Q|P=Q |—-P

False |False |False | False | False | True | True | True

False | True | False | True | True | True | False

True | False | False | True | True | False | False

True | True | True | True | False | True | True | False

Combinational éate Symbols for Logical Operators
with conventional and EE notation for operations

ab

SIS DU - I S I
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Inference Rules: Propositional Calculus

r
a b aA aAb
—{Al} {AEL} . ———{AER}
aAb , b
a i) b 1) aVb aFc bre
v B AV {VE
Vb - aVb . c vE}
aklb a a—b
——{b -1} ——-—-——-—{b —+E}
a
a False -a I False
':{ID} T{QTR} {RAA}
)

Predicates, Quantifiers, and Variables

U Predicate - parameterized collection of propositions
» P(x) is a proposition from predicate P
= x comes from the universe of discourse, which must be specific
0 Vx.P(x) - V quantifier converts predicate to proposition
» False if and only if there is some x for which P(x) is False

0 3Ix.P(x) - V quantifier converts predicate to proposition
» True if and only if there is some x for which P(x) is True

O Free and bound variables in predicate calculus formulas
= Bound variable
v'Vx. e X is bound in the formula Vx. e
vax. e X is bound in the formula 3x. e
= Free variables are variables that are not bound

Q Arbitrary variables in proofs

* A free variable in a predicate calculus formula is arbitrary in a
proof if it does not occur free in any undischarged assumption
of that proof

8
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Inference Rules: Predicate Calculus and Induction

Renaming Variables Vx. F(x)  {y not in F(x)}
. {VR}
F(x) {x arthrary}{R} vy. F(y)
F(y) ax. F(x)  {y not in F(x)}
{3R}
Introducing/Eliminating Quantifiers dy. F(y)
F(x) {x arbitrary} Vx. F(x) {universe is not empty}
{vI} {VE}
Vx. F(x) F(x)
F(x) Ax. F(x) F(x) |- A {x not free in A}
—31} {3E}
Ax. F(x) A
Tnduction Strong Induction
P(0) Vn.(P(n)—P(n+1)) vn.((Ym<n.P(m))—P(n))
{Ind} {StrInd}
Vn.P(n) Vn.P(n) .

Some Theorems in Rule Form
aab avb )
—{/\ Comm} {V Comm} —{noMlddle}
baa bva av (—a)

And Commutes Or Commutes Law of Excluded Middle
a—b b—c =(av b)
——{—>Chain} —{~(v)Commy}

a—=c =(bva)

Implication Chain Rule Not Or Commutes

a—b =b a—b
{modTol} ———{conPos;}
~a (=b)—=(=q)

Modus Tollens Contrapositive Fwd

a—b (ma)vb
a__ -a {® — ¢ )
False (ma)vb a—=b

Implication Fwd icati

NeverBoth P Implication ]Bokw
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More Theorems in Rule Form

-(avb) (-a)r(-b)
T Devy ————{DeMv)
(=a)r(=b) ~(a v b)
DeMorgan Or Fwd DeMorgan Or Bkw
—(anb) (-a)v(-b)
L DeMag —————{DeMng)
(-a)v(-b) ~(ab)
DeMorgan And Fwd DeMorgan And Bkw
avb -a -(-a) a
————(disiSyh —- ¢ ———- -
b a -(-a)
Double Negation Fwd Double Negation Bkw

Disjunctive Syllogism
11

Principle of Mathematical Induction
another way to skin a cat

Q{VI} — aninference rule P in arbitraryd
with Vn. P(n) as it's conclusion Y v}
0 One way to use {VI} Vn. P(n)
V Introduction

* Prove P(0)
= Prove P(n +1) for arbitrary n
v’ Takes care of P(1), P(2), P(3), ..
Vn. P(n)

P(O) VnP(n)—P(n+1)
{Ind})

Induction

Q Mathematical induction makes it easier

* Proof of P(n +1) can cite P(n) as a reason

v If you cite P(n) as a reason in proof of P(n+1),
your proof relies on mathematical induction

v'If you don't, your proof relies on {VI}

= Strong induction makes it even easier
v' The proof of P(n+1) can cite P(n), P(n-1), ... and/or P(0)

12
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QO powerSet :: (Eq e, Show e) => Set e -> Set(Set e)

Haskell Type Specifications

argument is sequence with Bool elems
delivers value of type Bool
Q (++):: [e] > [e] -> [e] -- generic function with two arguments
args are sequences with elems of same type
type is not constrained (can be any type)
delivers sequence with elements of
same type as those in arguments

O sum :: Numn=>[n]->n -- generic function with one argument
argument is a sequence with elems of type n
n must a type of class Num
Num is a set of types with +,*, .. operations

-- generic function with one argument
argument is a set with elements of type e
delivers set with elements of type (Set e)
type e must be both class Eq and class Show

Class Eq has == operator, Show displayable

Q x,y, z:: Infeger -- X, y, and z have type Integer

Q xs, ys i [Integer] -- sequences with Integer elements

Q xy :: (Integer, Bool) -- 2-tuple with 1st component Integer, 2" Bool
Q or :: [Bool] -> Bool -- function with one argument

Sets

a{2,3,5,7, 11} — explicit enumeration
Q2e{2,3,5,7,11} — stylized epsilon means “element of"
Qo={} — stylized Greek letter phi denotes empty set
Q{x|px} — set comprehension

* Denotes set with elements x, where (p x) is True
Q {fx|px} — set comprehension

* Denotes set with elements of form (f x), where (p x) is True
OACB < Vx.(x€A—x€EB) — subset
QA=B <« (ACB)A(BCA) — set equality
OAUB={x|x€eA v xeB} — union
O US= {x|3JAES. x € A} — big union
OANB ={x|xEA r» xeEB} — intersection
O NS= {x| VAES. x € A} — big intersection
OA-B:={x|xEA A x&B}) — set difference
QA=U-A — complement (U = universe)
Q P(A) = {S| SCA} — power set
OAxB = {(a,b)|]aeA A beB} — Cartesian product

Dean Hougen (w/ thanks to Rex Page)
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Karnaugh-Map Minimization Method

d=1

dc /—/%
bx 00 01 1 10

Fabcd)= abcd = ad 0
trabed 4 gp
:2E%§— +bcd o1 {1 1) 1 ']5_
= —_ a=1

reped met fw [0

_— —_—— b=1 _
+Gde 10 1

+abcd U

rap-around
1. Group together the ma)‘(lavma, conT?guous, rectangular ¢=1

regions with 2 adjacent cells containing True (1) values
There is one minterm per cell, so 2X minterms in all for group
Gray-code ordering arranges it so that (n - k) variables

have identical form throughout the group (x; in all terms

of group or x; in all of them) ) )
4. Use the distributive law to factor the 2k minterms into

this form: w = (v; + V)(v2 +V2) .. (Vi * Vi) Vi Vs - Vi
5. Possible because Gray-code ordering puts the other k variables
through all possible combinations

wn

§, Running Sum as Sequential Circuit
53 stack-free recursion — “simple” sequential circuit
g‘”g‘”\ sumr s (x: xs) = sumr (s + x) xs (sumr).:
<7 sumrs|[x]=s (sumr).[] s
edback C\r\(‘“.ges /—\ d\’)oc\‘ “(\\3\;??(-\0(\0\
fs%fcma of ciccuit £ eg}c\i‘“ se

+ X+ Yy Xg ] -

@ e SHEXHFXytXg  SEX+X,  SHX
X3 X, X

sumr (running sum)

S-Theorem:sumrs XXz X1 =s+sumixyxz %7}
v But ... no output from circuit until at an input arrives
v' So, theorem applies only when list is nonempty

O What is the proper statement of theorem for circuit?
v Circuit theorem: sumr s [X, X5, ... Xp1] = S + SUM[Xq, X, ... Xpu1]
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Computation Time and Big O Notation

QAxioms for dmx

dmx []1=([1.[]1) --dmx[ ]
dmx [x]=([x],[]1) --dmx[x]
dmx (x; : (y;: xys)) = (x;:xs, y;:ys) --dmx::

where (xs, ys) = dmx xys
QComputation time for dmx
* T, = fime required for to compute dmx[x;, X,, ... X,]

URecurrence equations

"Tp=T;=3 3 ops: matching, [ ]-build, pair-build

s T, =T,,+4 4 ops: matching, 2 insertions, pair-build

plus deal sequence that is shorter by 2

*T,<4n,Vn>0  thatis, T,=O(n) — prove by induction
QBounding the rate of growth

» Given: functions f and g

= f is big-O of g, written f = O(g), means

v 3¢, s. Vx > s. f(x) < c.g(x) -

Search Trees

Q Search trees - formal representation

* data SearchTree key dat = Nub |
Cel key dat (SearchTree key dat) (SearchTree key dat)

O Axioms for height of tree

height Nub = 0 --height Nub
height (Cel k d left right) =
1 + max (height left) (height right) --height Cel
. Se}rges as both inductive definition and computer program - Why?
orrect

v Cover all cases
v Inductive parts are closer to non-inductive case

Q Theorem (logarithmic height)
= A SearchTree of height h can contain 2" - 1 items
* nitems can be stored in a SearchTree of height [log,(n+1)]
* Proof — induction on height

= Conclusion — in a well constructed SearchTree, retrieval time is
proportional to the logarithm of the number of items
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balanced Nub = True

ordered Nub = True

(ordered(Cel x ¢ xL xR))

(or‘der‘ed(CelJI byL yR)
ordered (Cel k d Nub Nub) True

and conserve keys

Vs.Vk.Vd. ordered's — ordered ((k, d) ™ s)
Vs.Vk.Vd. balanced s — balanced ((k, d) *: s)
((y=x) v (y€s)) A ordered(s) A balanced(s)) -

ordered (Cel k d Nub (Cel y byLyR))=(k<y)/\

Order/Balance Axioms & Key Insertion Property

0 Axioms for balanced-tree predicate (inductive definition)

--balanced Nub

balanced (Cel k d left right) = (abs((height left) - (height right))=1)
/\ (balanced left) /\ (balanced right)

Q Axioms for ordered-tree predicate (inductive definition)
--ordered Nub
ordered (Cel k d (Cel x c xL xR) (Cel y b yL yR)) = (k >x)/\ (k<y)/\

(ordered(Cel x ¢ xL xR)) /\ (ordered Cel y b yL yR)) --ordered Cels
ordered (Cel k d (Cel x ¢ xL xR) Nub) = (k > x) /\

--balanced Cel

--ordered CCN

--ordered CNC
--ordered CNN

Q Insertion operator (":) must preserve order and balance

((ye((x, a)™:s)) A ordered((x, a)™:s) a balanced((x, a)":s))

Q(x,a) ":s
(x,a) “: Nub = (Cel x a Nub Nub)
(x,a) ™ (Cel z c left right) =
if x<z
then if (height newlLeft ) > (height right) + 1
then rotR(Cel z ¢ newLeft right)
else (Cel z c newLeft right)
elseif x>z
then if (height newRight ) > (height left) + 1
then rofL(Cel z c left newRight)
else (Cel z c left newRight)
else (Cel z a left right)
where
newLeft =(x,a)": left
newRight = (x, a) ": right

Inductive Definition of Tree-Insertion

--":Nub
--":Cel

20
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Retrieving Data from a Search Tree
Example, item found
L Found or Not Found __— Just (2088, "LaserJet")

data Maybe a = Just a | Nothing «_ \\o+_Found Tndicator
QDefinition “occurs in"
» 5:: SearchTree key dat, k:: key, d:: dat
» koccursins — thatis, ke s

k€s < (3x,d left right. ((s =(Cel x d left right)) a
(k=x v keleft v keright)))

L Axioms for getItem
getItem (Cel key dat smaller bigger) searchKey =

if searchKey < key then (getItem smaller searchKey) --g<

else if searchKey > key then (getItem bigger searchKey) --g>

else (Just(key, dat)) --g=
getItem Nub searchKey = Nothing --gNub

0 Theorem (getItem)
((ordered s) A kEs ) — getItem s k = Just (k, d)

21

Tree Induction — another proof method

O Definitions Vs.((VrCs.P(r))—P(s))
= Subtree {TreeInd}
v's, t:: SearchTree key dat Vs.P(s)
vVsCt < (s=t)v Tree Induction

(3k.d left right. (t = Cel k d left right)) a
((s C left) v (s C right))
= Proper Subtree
v's, t i SearchTree key dat
v'sCt < (3kd left right. (t = Cel k d left right)) a
((s C left) v (s C right))
v'Equivalent Definition: sCt <= sCt A s=t
U Tree induction
= P — predicate parameterized over SearchTrees
v'P(t) is a proposition whenever 1 :: SearchTree key dat

* Prove:

v'Base case: P(Nub)

v Inductive case: P(Cel z c If rt) —assume P(s) if sC Cel zc If rt
» Conclude: Vt. P(1)

22
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Logical Operators
P Q |PAQ |PVvQ|PvQ|P—>Q|P=Q]| -P

False |False |False | False | False | Tpye | True | True

False |True | False | True | True | Tpye | False

True | False | False | True | True | Fqlse | False

True | True | True | True | False | Tpye | True | False

A OR XOR A =
A+B A -
S s a ke B e

INPUTS OUTPUT| ND NOT
A A+B A— AR —
B— A= — A
0 0 0
0 1 1 NAND NOT
A _ —_— ] —_—

1 0 1 B — AB A AL b— A

1 1 1 23
Axioms Binary Arithmetic
natFromDgts b []=0 {nat[ 1}
natFromDgts b (d: ds) = d + bx(natFromDgts b ds) {nat:}
dgtsFromNat b0 = ] {dgts0}
dgtsFromNat b n = (n “mod® b):(dgtsFromNat b (n *div’ b)) {dgts>0}
num = natFromDgts 2 {num}
bits = dgtsFromNat 2 {bits}
twos w n = if n >= 0 then (bits n) else (bits(n + 2"w)) {2s}
word w n = take w ((twos w n) ++ (repeat 0)) {word}
adder [ 1[1¢co=([ 1 o) {adder[ ]}
adder (xq: xs) (Yo: YS) ¢o = (So: SS, €) {adder::}

where

[so. ¢1] = fullAdder xq y, o

(ss, ¢) = adder xs ys ¢,
Derived properties Iw) = {n | -2%1 < n < 2w 1)
num[ ]1=0 {num[ }}
num(b: bs) = b + 2x(num bs) {num :}
bits0=1[] {bits0}
bits(n+1) = ((n+1) *mod" 2): (bits((n+1) * div* 2)) {bits>0}
VweN. VneI(w). (length(twos w n) < w) {2s fits}
VYw.¥YneN. num(word w n) = n mod 2% {word=N mod 2v}
Vw.VneI(w). num(word w n) = n mod 2% {word=I(w) mod 2%}
VYw.VneI(w).(word w (-n)) = word w (1 + num(map (1-) (word n)) {2s trick}
Vw.Vx,yeI(w). adder (word w x) (word w y) = word w (x +y) {adden}
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_rteder  One-Bit Adder Circuits
Xy < half-adder model
0-0 | 00 « I signal bool = if bool then 1 else O
01 | O f | Tadcer|_ ¢ andO1 x y = signal((x==1) /\ (y==1))
11+(1) (1); xor01 x y = signal(x/=y)
. *—T_1 )-- halfAdder x y = [xor01 x y, andO1 x y]
half-adder b _ full-adder
circuit | s CintX+y €S
Y _)D_ )|( i/ 0+0+0 | 00
. . ] fan [ 0+0+1 | 01
11 full-adder circuit Cin adléer ¢ 0+1+0 | 01
IS 0+1+1 | 10
adtr ¢ full-adder model Ll R
L fullAdder x y ¢;, = [s, ] =21 {10
1 ZZH where 1+1+0 | 10
o sy . [s1, ¢;] = halfAdder x yL 221 1 1
[s, ¢c,] = halfAdder s, ¢,
c=or0lcc,
s or01 x y = signal((x==1) \/ (y==1))
signal bool = if bool then 1 etse O

Twos Complement Arithmetic
with w-bit Adder

adder (xo: Xs) (Yo' ¥5) €o = (So* S5, €) X0 Yo X1 Y1 cer Xurx Yuel
where [1 [ [ ]
[So, ;] = fullAdder xoyo co ¢ an | S | ran | C2  CSweif qun c
0 adder adder adder
(ss, ¢ ) = adder xs ys ¢, | , |

adder [ 1[1¢co=([ 1, co) J J adder |
Theorem (w-bit adder) 0 !
VYw. Vco&{0,1}. V[Xo, X1, - Xy1], [Yo. Y1, - Yu-1JE[{O,1}].

(((so, 1. - Sw-1]. €) = (adder [xq, Xy, ... Xy-1] [Yo. Y1, - Yu-1] €0))
—(nat([so, sy, . Sy1l++[c]) = (nat[xo, Xy, ... X411+ Natlyo, Y1, - Yu-1] + Co)))
Q 2s complement arithmetic

= Just throw away c (output carry)
= Numereically, this reduces value by cx2%
v That gives (nat[sg, sy, .. S,.1] mod 2%)
v Exactly what is needed for 2s complement arithmetic
- Consequence of (word=I(w) mod 2%) theorem
0 Theorem (w-bit adder works):
Vw.Vx,yeI(w).3dc.(adder (word w x) (word wy) 0) = (word w (x +y), ¢)

26
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