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Some Laws of Algebra

da+0=a {+ identity}
d(-a)+a=0 {+ complement}
Jdax1=a {x identity}
dax0=0 {x null}
da+b=b+a {+ commutative}

da + (b+c) = (a+b) + ¢ {+ associative}
Qax(b+c) = axb + axc  {distributive law}
Equations go both ways
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Theorem (-1) x (-1) =1

(-1) x (-1) |

((-1) x(-1))+ 0O {+id}
(D) x(1)+((-1)+ 1) {+ comp}
(((-1)x(-1)) + (-1)) + 1 {+ assoc}
((-1)x(-1)) + (-1)x1) + 1 {x id}
((-Dx((-1) + 1)) + 1 {dist law}
((-1)x0) + 1 {+ comp}
0+1 {x null}
1+0 {+ comm}
1 {+id}

QED
proof by equational reasoning
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Laws of Boolean Algebra

a A False
aV True
a A True
a V False
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{A null}

{V null}

{A identity}
{V identity}
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aVvVa
aAb
aVb
(aAb)Ac
(aVvb) Ve

aA(bVe)
aV(bAc)
-(aAb)
-(aV b)

g ndd
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a

bAa
bVa
aAN(bAcC)
aV(bVve)

(aAd)V(aAc)
{(avb)A(aVe)
=a V —b '
=~a A b

{A idempotent}
{Vv idempotent}
{A commutative}
{V commutative}
{A associative}
{V associative}

{A distributes over V}
{V distributes over A}
{DeMorgan’s law}
{DeMorgan’s law}
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Laws of Boolean Algebra

page 2

{negate True}
{negate False}

{A complement}
{V complement}
{double negation}

(aAd) = c
a-—+b

a—b
(a#b))\(a—)—.b)

aeb

a—(b—c)

~aVb {implication}
=b = -a {contrapositive}
-a {absurdity}

Huni

(@b A(b—a) {equivalence}
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Theorem (a A False) v (b A True) = b

equations {rule} substitution
[ formula in egn / variable in rule]

(p A False) v (g A True)  names changed to clarify substitutions

= False v (q A True) {~ null} [p /a]

= (q A True) v False {v comm} [False /a] [qrTrue /b]
= g A True {vid} [q A True /da]

= q {~nid} [q/d]

QED
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<9 Using Equational Proof Checker

TP G"ee
b L]
-\00\ C’”d 7 "7(7-
| Trop, ,Cofe
Import Stdm Prelude> :cd DMFOO 7 "Se,,

th7 = (P "And" FALSE) Or
(Q “And’ TRUE)
thmEqg™ Q

pri =
startProof (P "And” FALSE) Or
(Q And TRUE))
<-> (FALSE Or (Q And TRUE),

andNull)
<->((Q 'And  TRUE) Or FALSE,

orComm)
<->(Q And TRUE, oriD)
<->(Q, andID)

Prelude> :cd Lectures
Prelude> :load lectured7:hs
Reading file ""lectureQ7.hs™:
Reading Tfile "Stdm.Ihs':
Reading file "lecture07.hs'':

Hugs session for:
C:\HUGS98\IT1b\Prelude.hs
Stdm.Ihs

lectureO7.hs

Main> check equation th7 pr7

The proof i1s correct

Notepad window

Hugs Session
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Equations the Proof Checker Knows

andNull

orNull

andID

orID
andIdempotent
orIdempotent
andComm
orComm
andAssoc
orAssoc
andDistOverOr
orDistOverAnd

deMorgansLawAnd
deMorgansLawOr

hegTrue
negFalse
andCompl

orCompl
dbINeg

currying
implication
confrapositive
absurdity
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Theorem (anb)v b= b

v absorption

equations {rule} substitution
[ formula in egn / variable in rule]

(pAq)Vvg names changed to clarify substitutions

=(pArq)v(qnA True) {~id} [q /a]
=(qAp)v(qgA True) {~n comm} [p /a] [q /b]

=g (pv True) {~ dist over v} [q /a][True /b] [p /c]
=q A True {v null} [p /a]
=q {~nid} [q/a]

QED
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Theorem (av B)Ab=b

A absorption

equations {rule} substitution
[ formula in egn / variable in rule]
(pvqg)Ag names changed to clarify substitutions
.. exercise ...
-q
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Consistent, But Not Minimal
redundancy among laws of Boolean algebra

Deriving the contrapositive law

Theorem (contrapositive): a > b = —b — —a
A proof using laws other than the contrapositive law

equations {rule} substitution
[ formula in egn / variable in rule]
P—>4
=(=p)vq {imp} [p /a] [q /b]
= =(=((=p) v q)) {dbl neg} [(—p) v q /a]
= =((=(=p)) A (—9)) {DeMorgan v} [-p /a] [q /b]
= =(p A (=9)) {dbl neg} [p /a]
= (—p) v (—=(—q)) {DeMorgan A} [p /a] [—q /b]
= (+(-q)) v (=) o comm} [p /a] [~(~(q)) /b]
=(-0) > (P) ¢ 16 8\ kcuXimp} [~q /a] [-p /b]
e Qv?s xne S QED
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End of Lecture 7
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