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Abstract

Performance evaluation of multiple-bus multiproces-
sor systems is usually carried out under the assumption

of uniform memory reference model. The objective of

this paper is to study the performance a{ multiple bus
multiprocessor system in the presence of hot spots. An-
alytical expressions for the average memory bandwidth
and probability of acceptance of prioritized processors
have been dertved. Two new phenomenon, coined as
bumping and knee effect, have been observed in the ac-
ceptance probabilities of the processors. The results are
validated by simulation results.

1 Introduction

A variety of interconnection networks have been pro-
posed and analyzed [1] in the literature. Because of
modularity and fault tolerance of multiple bus systems,
such systems have been widely investigated {2]. Bus
and memory contentions limit the performance of mul-
tiple bus systems. In analyzing the performance, most
authors assume a uniform memory reference (URM)
model where all the memories are equally likely to be
accessed by the processors [3]. Memory references in
a multiprocessor system are not necessarily uniform.
Favorite and localized memory references have been
analyzed by several researchers.

A particular t{_e of non-uniform memory refer-
ence arises in multiprocessor systems due to the use
of variables for locking, global and barrier synchro-
nization, pointers to shared queues, etc. The phe-
nomenon 18 called hot spot contention and it degrades
the performance of multiprocessor systems. Ferfor-
mance of crossbar multiprocessors, unbuffered MINs,
and buffered MINs in the presence of hot spots have
been developed in [4, 5, 6, 7). The objective of this
Eapgr is to determine the performance of a multiple

us interconnection network under hot spot conditions.
Analytical expressions for memory bandwidth and the
probability ofP acceptance of processor requests are de-
rived for processors having different priorities in the
case of conflicts. It is shown that the bandwidth is
affected by a change in the hot spot probability for
high request rates. Moreover, for high request rates
and a small number of buses, the degradation at low
hot spot probabilities is mainly due to bus conflicts,
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Figure 1: Multiple-bus multiprocessor systems.

and memory conflicts play an insignificant role in the
degradation. We have observed two new phenomenon
in the acceptance probabilities of the requests from pri-
oritized processors. We call these the bumping effect
and the knee effect. With an increase in the hot spot
probability, the bumping effect results in an increase
and decrease in the acceptance probabilities of the low
and high priority processors respectively. The knee ef-
fect explains the fact that a system having prioritized
processors may appear to be a crossbar system for some
processors, while it may appear as a multiple-bus sys-
tem for the rest of the processors. Results obtained
from analytical model have been verified by simulation
results, and have been found to be in close agreement.

The modeling assumptions are given in Section 2.
Analytical models for determining the average mem-
ory bandwidth and the probabilﬁy of acceptance of
grocessor requests are presented in Section 3, followed

y results in Section 4.

2 Assumptions

We model the multiple-bus system under the follow-
ing assumptions.

e The system consists of N identical processing ele-
ments (PE), M identical memory modules (MM),
and B < min(N, M) buses (see Figure 1?. The
processing elements and memory modules will
be represented by {PEg,PE;,---,PEyx_;} and
{MMy,MM;, - - - ,MMjs_ } respectively.

¢ The system operates synchronously. Each proces-
sor generates a request at the start of a memory



cycle with probability r.

o Processor requests are characterized by temporal
and spatial independence. Rejected requests are
discarded.

e Processors have priority in the case of bus and
memory conflicts.

¢ Memory module M, is a hot memory for all PEs.
The probability of ﬁE.', 0 < i< N -1, requesting
MM, is pj, and of requesting MM, j # h, is given
by po = (1—pa)/(M — 1), where pp > 1/M.

3 Performance Evaluation

Average memory bandwidth and probability of ac-
ceptance will be used as the measures of performance.

3.1 Average memory bandwidth

Average memory bandwidth (AMBW) of a mul-
tiprocessor system is defined as the average num-
ber of memory modules accessed simultaneously dur-
ing a memory cycle. The average memory band-
width of an N processor, M memory, B bus system
with a processor request rate of r Wii’l, be denoted by
AMBW(N,M,B,r). AMBW of a multiple-bus sys-
tem for r = 1 is given by

B min(N,M)
AMBW(N,M,B,1)= kPr(k)+ > BPr(k)
k=1 k=B+1

(1)

where Pr(k) is the probability that exactly k¥ memory
modules are accessed in a cycle. For a URM, Pr(k) is
given [3] by Pr(k) = %—%’ﬂ({), where S(N, k) is the
Stirling number of the second type.

3.1.1 Request Probability=1

First, let’s consider r = 1. Let E}'? be the event that k
distinct memory modules are requested during a cycle,
where p and ¢ are the number of references for MM
and Mgfljs, j # h, respectively. Hence, p+ ¢ =
for »r = 1. Depending on the distribution of requests
to hot and non-hot memories, we can divide EY'? into
two classes.

Class 0: All the requests are to non-hot memory mod-
ules. This event will be denoted by ES’N.

Class 1: i requests are to the hot memory, and N — ¢
requests to the non-hot memories. This event will be
denoted by EyN~F i #0.

Probability that k distinct memory modules are re-
quested during a cycle is, therefore, given by the sum
of the probabilities of the two classes. It can be shown
[4] that

Pr(k) = kIS(V, K)(M7 P8 + (k- 1)1 ((3)-

N-k+1

M) 3 sw —ik—n()pieh T (@)

i=1

Substituting Equation (2) in (1) gives the expression
for the average memory bandwidth for r = 1.

3.1.2 Request Probability < 1

For r < 1, the probability of having exactly n PEs re-
questing memory modules at the beginning of a mem-
ory cycle is (f )r*(1 — r)¥=". The conditional proba-
bility of ha.vinﬁlk distinct memory modules being re-
quested given that n memory requests have been gen-
erated in a cycle is given by

Pr(EQ"|n requests) = k!S(n, k) (M, 1)pb  (3)

Therefore, Class 0 probability for r < 1 is given by

N
Pr(Ep*) = 3 kS(n, )M ps () r" (1 =)V

n=1
(4)
Similarly, the Class 1 probability of requesting k
distinct MMs such that MM}, is one of them 1s given by
replacing N by n in Equation (6) in [4] and multiplying
it by the probability of n PEs requesting memories and
(N — n) PEs not requesting.

. N n—k+1
pr(Efn) = 30 () - () 3 G-y

S(n —i, k= D(Dparg " Q)1 =)V, j # 05)
Average memory bandwidth is, therefore, given by

AMBW(N, M, B,r) =

B N
2t { BS(n, ) ()88 () (1= )Y

k;l n= e
(0 - (M5H) S (k- 1S(r-ik—1)
n=1 i=1

. R min(N,M) N
Os= () a-rr} e Y. B {z .

k=B+1 n=1
N
Sm ()3 ()= M+ 30 ()~
n—-k+1
(M) Y (k= DiSn =ik - D()phes™
i=1

@) -}

N
=3 (N)r@-r)N""AMBW(n,M,B,1)  (6)
n=1
If the average memory bandwidth of a system with

r = 1 is known, Equation (6) can be used to calculate
the average memory bandwidth of a system with r < 1.



3.2 Probability of acceptance

Probability of acceptance, denoted by P,, is defined
as the probability that a PE’s request is accepted. If
all the l%’Es have equal probability of being accepted
in the case of bus or memory conflicts, P, 1s given by
P, = AMBWN(N,M B,1)

r

Processors are often prioritized [3]. The probability
of acceptance for the n-th PE will be denoted by P,(n).
We assume that PE; has a higher priority than PE;,,,
for j = 0,---N — 2. PE, can therefore, be blocked
only bE processors PE;, 0 <i<n-1 Let’s assume
that PE,, and i other.lg‘ s of higher priority than PE,
generate requests during a memory cycle. The analysis
will be divided into two cases.

Bus Sufficient System (BSS): There is no possibility of
PE,, being blocked due to bus conflicts, i.e., the system
is either a crossbar, or the system is not a crossbar but
i < B. It may be blocked due to memory conflicts with
a higher priority PE.

Bus Deficient System (BDS): PE,, may be blocked due
to bus and/or memory conflicts, i.e., the system is not
a crossbar and i > B.

3.2.1 Analysis of Bus Sufficient System (BSS)

Since there is no bus conflict, P,(n) is equal to the
probability that no other PE(s) of higher priority re-
?u(;st the memory module requested by PE,, . We can
ur

her subdivide this case into two subcases.
Case BSS-H: PE,, requests the hot MM and the re-
uest 1s accepted.
ase BSS-NH: PE,, requests a non-hot MM and the
request is accepted.
Pq(n) for the BSS case is therefore, the weighted sum of
the probabilities of cases BSS-H and BSS-NH. There-

fore,
Pa(n)|ss = pa Pa(n)|Bss—u + (1 = pa) Pa(n)|Bss—NH

]
Analysis of Case BSS-H . .
The probability that PE,, requests MM, and gets it is
equivalent to the probability that none of the n higher
priority PEs request MMj,. The probability that a par-
ticular set of ¢ higher priority PEs do not request MM},
and the rest (n — i) higher priority PEs do not gener-
ate a memory request is r*(1 — py)*(1 — r)"~%. The
set of i PEs can be chosen out of n PEs in (7) ways,
and i ranges from 0 to n. Therefore, the probability of
acceptance for case BSS-H is given By

Py(n)lgss-u = 2": D@ - -p)  (8)

$=0

Analysis of Case BSS-NH

As in the case of BSS-H, let a set of {,0 < i < n, higher
priority PEs request memories, and the other (n — )
higher priority PEs do not request any memory during
a cycle. Of the set of i requests, let aset of k,0 < k < 1,
be directed towards a set of 5,1 < j < k, distinct
non-hot MMs and the rest (i — k) towards the MM,
The probability of (n — i) PEs not requesting, ¥ PEs
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requesting non-hot MMs, and (i — k) PEs requesting
the hot MM is (1—r)"~%(rps)*~*(rpo)*. The i PEs can
be selected out of the n PEs in (7) ways, and the rest
(i—k) requests can be selected out of i requests in ('_' k)
ways. The j distinct non-hot MMs can be selected out
of the (M —2) non-hot MMs (i.e., excluding the non-hot
MM requested by PE, ) in (¥ ,.'2) ways. The k requests
can be distributed among the j MMs, such that none
of them is empty, in j!S(k,j) ways. Therefore, the

probability that PE, re?uests a non-hot MM and is
not blocked by any PE o higher priority is given by

Pqa(n)lBss-Nu = E ('.,‘),-"(1 — )i

=0

[ k
D GEDRTE Y iS(kH(MY) (9)

k=0 j=1

Substituting Equations (8) and (9) in Equation (7) and
rearranging terms gives

Py(n)|pss = Z (D@ =)~ {pa(1 — pa)'+

t k
(1-pn) + <Z Gipikeb Zj!S(k,j)(”;’)) } (10)
k=0

j=1

Equation (10) gives the probability of acceptance of
prioritized PEs in a crossbar system, or in a mul-
tiple bus system having low processor request rates
such Bt'.hat:l there is no bus conglct, or for PE, where
n<B+1.

3.2.2 Analysis of Bus Deficient System (BDS)

In this case the system is not a crossbar and i > B.
PE,, is not blocked if it can be assiﬁne'd a bus to access
the requested MM and none of the i higher priority
PEs (requesting memory) request the particular MM
requested by PE,, . As before, we can sub-divide the
analysis into two sub-cases.
Case BDS-H: PE,, requests the hot MM and gets it.
ase PE,, requests a non-hot MM and gets

it.

Analysis of Case BDS-H:

In a bus deficient system, if PE,, generates a request
for the hot MM, it will be accepted if the i higher

priority requesting PEs request no more than (B — 1)
distinct non-hot MMs out of the (M —1) non-hot MMs.
Following a reasoning similar to that in Section 3.2.1, it
can be shown [8] that the probability of PE,, requesting
MM,;, and getting accepted is given by

n

Pa(n)lBDS-n = E ()r(1 = r=igh
r.n_in(i,B-l)
> MSGEHMTY ()



Analysis of Case BDS-NH:
*n a bus deficient system, if PE
for a non-hot MM, the request wil
higher priority rel:&uesting PEs do not request the par-
ticular non-hot MM requested by PE, and the t re-
quests are directed to no more than (B — 1) distinct
MMs. Following a reasoning similar to that in Sec-
tion 3.2.1, it can be shown [8] that the probability of
PE, requesting a non-hot MM and getting accepted is
given by

n i
Pa(n)leps-xu = 3_ 3 (D) —n"~(L)m"
=0 k=0
min(k,B—2+|k/i])
s >
i=1
Substituting Equations (11) and (12) in (7) and re-
arranging terms, P,(n) for a bus deficient system is
given by

enerates a request
1 be accepted if the &

1Sk, 5)(M7?), k<i(12)

Pa(mlsps = 3 ()7 (1 = 1"~ {paph

i=0

min(s,B-1) i
POREINCF) (G EACET N DI
j=1 k=0

min(k,B—2+|k/i})

DY

i=1

j!S(k,j)(”,-")} Jk<i (13)

Results

Figure 2 shows the bandwidth vs. hot spot probabil-
ity for various processor request rates. The bandwidth
is found to decrease with increasing pj, the reason be-
ing the increased contention for h. The degrada-
tion is significant for high processor request rates.
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Figure 2: Bandwidth vs. probability of hot spot for
different request rates.

09

Figure 3 shows the variation of bandwidth vs
hotspot probabilities. When B = 10 or 8, the system
behaves like a crossbar and the bandwidth is maxi-
mum. However, the degradation in bandwidth is sig-
nificant for B = 6 or lower. The bandwidth decreases
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with increasing pn. The degradation is significant when
the number of buses is large, because in such cases the
degradation is mainly due to memory contention. In
systems with fewer number of buses, the contention is
mainly for buses, and increased pj, does not have signif-
icant effect until pn becomes very high when memory
contention becomes the dominating factor contributing

to the degradation.
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Figure 3: Bandwidth vs. probability of hot spot for
different number of buses.

Figure 4 is a plot of [i)]robability of acceptance of dif-
ferent processors vs. the hot spot probability. Since
PEy has the hiﬁhegt. priority, it is never blocked. In
general, the probability of acceptance of PE,, decreases
with increasing n. But, an interesting behavior can be
observed for large n , i.e n > 7. The probability of
acceptance increases first and then decreases. This be-
havior can be explained as follows. As the hotspot

o e o
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W

04 0.5 0.7 08 1.0

Probability of hot spot, ph

Figure 4: Probability of acceptance for different pro-
cessors vs. probability of hot spot.

0.1 0.2

probability increases initially, the memory contention
among PEs increases and lower priority PEs stand a
better chance of getting a bus. When the hotspot prob-
ability is considerably higher, even the low priority PEs
may request MM, with a higher frequens:ly and thus
the probability o{ acceptance decreases. This sort of
bumping effect for lower priority PEs was found for re-
quest rates between 1 and 0.6. With decreasing r, the
bump shifts towards the left, and is not observed for
low values of r.

Flgure 5 shows the probability of acceptance of dif-
ferent processors vs request rate. As expected, the
frobabllity of acceptance decreases with increasing r.
t is observed that at low values of r, the low Epnont.
PEs are affected more with an increase in r. For hig
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Figure 5: Probability of acceptance for different pro-
CessOIs Vs. processor request rates.

values of r, the de%:'adation is insignificant for lower
priority PEs since the have already reached the bot-
tom line. The lower the priority of the PE, the faster
its probability of acceptance reaches saturation as is
evident by comparing the curves for PE; and PE,.

Flgure 6 shows the probability of acceptance for dif-

ferent processors vs. the number of buses. We notice
10
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Figure 6: Probability of acceptance for different pro-
cessors vs. number of buses.

) henomenon, what we call as the knee ef-
fect. Again PEy is the highest priority PE and is, there-
fore, always accepted, but P%l is accepted approxi-
mately 80% of the time. Requests from PE,;,n < B+1,
encounters only memory contention, and hence the sys-
tem appears to PE,, as a crossbar system. Therefore,
as the number of buses crosses n — 1, P,(n) experi-
ences a sharp rise because of the apparent transition
from the bus deficient case to the bus sufficient case for
PE,. For PE,,n > B + 1, the probability of getting
a bus is less due to the number of higher priori% PEs
being greater than the total number of buses. ’ghere-
fore, for PE,, there is a rapid change in P,(n) for values
between B = n+ 1 and B = n + 2. The knee shifts to-
wards the right for low priority processors. Extensive
simulation results were found to be in close agreement
to the analytical results.

an interestin

5 Conclusions

We have developed analytical expressions for aver-
age memory bandwidth and probability of acceptance
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of prioritized Frocessors in a multiple bus system in
the presence of hot spot conditions. Effects of different
parameters like hot spot probability, processor request
rate, and the number of buses on bandwidth and prob-
ability of acceptance have been presented.

It ¥xas been shown that the bandwidth decreases
percentage of requests to hot mem-
ory module. Moreover, the degradation is significantly
higher for high processor request rates. We have shown
that for a large number of buses, the degradation is
mainly due to memory conflicts. On the contrary, for
fewer number of buses, bus contention is the dominat-
ing factor contributing to the degradation. .

A bumping effect has been noticed in the Yrobablllty
of acceptance for the prioritized processors. It has been
shown that for a fixed number of buses, the probabil-
it{ of acceptance for high priority processors decreases
while that of the low priority processors increases with
an increase in the percentage of hot memory requests
until a point is reached after which the probability of
acce%tance for all the processors decrease. With the
number of buses remaining constant and for low values
of request rates, the low priority processors are affected
more with an increase in the request rate.

As the number of buses is increased, keeping the re-
quest rate and the hot spot probability constant, the
acceptance probability of the processors reach satura-
tion at different values. This give rise to a knee effect
resulting in the high priority processors reaching satu-
ration earlier than the low priority ones.

with increasin
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